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We propose and analyze quantum state estimation (tomography) using continuous quantum mea-
surements with resource limitations, allowing the global state of many qubits to be constructed
from only measuring a few. We give a proof-of-principle investigation demonstrating successful to-
mographic reconstruction of an arbitrary initial quantum state for three different situations: single
qubit, remote qubit, and two interacting qubits. The tomographic reconstruction utilizes only a
continuous weak probe of a single qubit observable, a fixed coupling Hamiltonian, together with
single-qubit controls. In the single qubit case, a combination of the continuous measurement of an
observable and a Rabi oscillation is sufficient to find all three unknown qubit state components. For
two interacting qubits, where only one observable of the first qubit is measured, the control Hamil-
tonian can be implemented to transfer all quantum information to the measured observable, via
the qubit-qubit interaction and Rabi oscillation controls applied locally on each qubit. We discuss
different sets of controls by analyzing the unitary dynamics and the Fisher information matrix of the
estimation in the limit of weak measurement, and simulate tomographic results numerically. As a
result, we obtained reconstructed state fidelities in excess of 0.98 with a few thousand measurement
runs.
I. INTRODUCTION
Quantum state tomography is a general method for
reconstructing a quantum state based on a collection of
measurements made on a quantum system, all starting
from the unknown state of interest [1]. State tomography
is one of the most important parts in building quantum
information processing devices, as it is used in verifying
quantum states before, during, or after any of the de-
vices’ processes [2]. Standard procedures to implement
tomography in the laboratory mainly aim to approximate
textbooks projective measurements applied on separate
ensembles, in which the measured observables are chosen
carefully to assure informational completeness for the un-
known quantum states [3–6]. However, researchers have
also explored different measurement and estimation ap-
proaches to achieve the same end, for example, using a
sequential unsharp measurement [7], or continuous weak
measurement [8–12] in combination with estimation tech-
niques such as Bayesian or maximum likelihood methods
to estimate initial states of the measurement processes
[13, 14].
Of particular interest to this paper are investigations
using continuous quantum measurements, of the type pi-
oneered in recent experimental works [15–20] and based
on by now well-established theoretical methods such as
the stochastic Schro¨dinger equation, stochastic master
equation [21–24], and stochastic path integral [25, 26].
We note that the weak continuous measurement is effec-
tively a projective measurement after a long enough data-
collection time [23, 27], but the advantage of the former
over the later is that the model is more practical in ex-
periments and it allows us to include additional feedback
controls to the systems, in order to achieve desired pro-
cesses [28, 29]. The work by Six, et al. [11] theoretically
and experimentally demonstrates quantum state tomog-
raphy using continuous measurements and the maximum
likelihood method on Rydberg atoms and superconduct-
ing circuit experiments. We highlight in particular the
works of the group of I. Deutsch and P. S. Jessen, con-
cerning tomographic reconstruction of initial collective
state of an ensemble of atomic spins using continuous
measurements [8–10, 12]. In these works, the measured
observables are fixed and the information about other
observables of interest is continually mapped onto the
measured ones via continuous controlled unitary dynam-
ics. We adapt this idea to measurements on individual
qubits, using continuous measurement limited to only a
single observable and continuous controls, in order to ex-
tract information about unknown initial states. Measure-
ment backaction must be accounted for to accurately re-
construct the state. Closely related to the problem of
quantum state tomography is that of parameter estima-
tion, for which there have been a series of works dedi-
cated to estimating Hamiltonian parameters from data
acquired by a continuous measurement sequence [30–35].
In this paper, we take up the problem of continuous
measurement tomography applied to a network of qubits.
Our aim is to show that global state reconstruction is
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2possible using a fixed set of control parameters in a con-
tinuous way, even when all qubits are not measured. The
main advantage of such a technique is that in contrast to
projective measurement tomography, where a sequence of
different gate operations is required to then read out one
of many different observables (each of which is repeated
many times), in our continuous measurement construc-
tion, global information about the entire state is encoded
in each run of the continuous measurement. Therefore,
the tradeoff is that there is a only a bit of information
about all of the observables in each run of the experi-
ment, and the protocol must be repeated many times to
reduce the statistical uncertainties below a given level.
Nevertheless, the experimental procedure becomes much
simpler: it is the same every time in principle because the
local controls are fixed, and only the state reconstruction
algorithms become more complicated to numerically im-
plement. An important problem then becomes how to
choose the local controls and estimation methods in or-
der to accurately find the initial state.
Several different methods are introduced to solve the
above problems. We discuss a method of using commu-
tators between the Hamiltonian of the system’s unitary
dynamics and the different observables to be estimated
in order to chose appropriate values of the local con-
trols that allow all elements of interest to be accessed by
the readout channel. We also present the calculation of
the Fisher information matrix about the initial quantum
state, from which we can optimize the controls to min-
imize the statistical uncertainties. Given chosen sets of
controls, continuous measurement records are then used
to compute the Bayesian and maximum likelihood esti-
mators for the unknown states. We construct a mapping
operator for all observed records, proportional to an el-
ement of a positive-operator-valued measure (POVM),
and use it to compute Bayesian probability for all pos-
sible candidate states. This is to dispense with comput-
ing separate quantum trajectories for all candidate states
which greatly speeds up the numerical estimation proce-
dure.
We illustrate our methods first in detail for the case of a
single qubit, showing how the estimation procedures can
be applied using quantum trajectory theory, and giving
the tomography results given a local control and single
component pseudo-spin readout. We then incorporate a
resource limitation, and show the same methods are able
to reconstruct the state of a remote qubit that is cou-
pled to the one being read out. Finally, we demonstrate
arbitrary full two qubit state reconstruction using local
controls and fixed coupling. We show that by choosing
the local controls within a relatively broad range of pa-
rameters, good state fidelity with the target state can be
easily reached.
The paper is organized as follows. In Sec. II, we layout
the background information for the continuous measure-
ment of a single qubit’s observable, and estimation tech-
niques used for quantum state tomography. Our main
results are presented in Sec. III, including the methods to
choose local qubit controls in Sec. III A, and the analysis
of the three examples: single-qubit state tomography in
Sec. III B, remote-qubit state tomography in Sec. III D,
and two-qubit tomography in Sec. III D, with results from
numerical simulations. We conclude our results in Sec. IV
and present detailed calculation of the Fisher information
matrix and numerical methods in the Appendices.
II. BACKGROUND
A. Time-continuous measurement of a qubit’s
observable
The concept of quantum measurement generalized to
arbitrary strength and occurring over a finite time [21, 36]
is becoming more recognized in the quantum information
research community [23, 24]. Not only that it describes
more accurately the measurement processes in practical
experiments, but also it opens possibilities for adding sys-
tem controls during the measurement processes, such as
feedback, in order to achieve desired outcomes more effi-
ciently. Generalized quantum measurement theory con-
siders a system of interest interacting with its environ-
ment (or detectors) where all or parts of the environment
are observed. The evolution of the system depends on
the system-environment interactions, as well as on the
observed results of the measurement performed on the
environment.
In a limit where there is no information about the ac-
tual state of the environment, i.e., the environment is not
observed or is averaged over, under the Markov assump-
tion, the system’s evolution is described by a Lindblad
master equation [37],
∂tρ = −i[Hˆ, ρ] +
∑
k
D[cˆk]ρ, (1)
where ρ is a density matrix representing a state of the
system and Hˆ is a Hamiltonian describing unitary dy-
namics of the system. The Lindblad operator, defined as
D[cˆ]ρ = cˆρcˆ† − 12 (cˆ†cˆρ+ ρcˆ†cˆ), describes the decoherence
of the system’s state as a result of the interaction with
the environment, via different channels denoted by the
Lindblad operators cˆk.
In general, there can be many dephasing channels to
consider; however, in this work we are interested in the
interaction that leads to a measurement of an observ-
able Zˆ of a qubit, which might be part of a network of
many qubits. Therefore, the system’s dynamics only in-
cludes unitary dynamics (the first term in Eq. (1)) and
measurement backaction conditioning on particular mea-
surement records. The backaction from continuous weak
measurement of a single qubit has been studied quite ex-
tensively, largely motivated by experiments in quantum
optics, and in solid state physics such as electronic states
in double quantum dots. More recently, superconducting
qubits coupled dispersively to microwave cavities have
been investigated [15, 16].
3We consider a single measurement record from an ex-
periment. Detectors will typically return a discretized
signal with a time step dt to get R ≡ {r1, r2, ..., rn},
where rk is an average signal from tk−1 to tk = tk−1 + dt
and ndt = T , assuming that dt is long enough for the
Markov assumption to be valid, but short enough so that
all types of system’s dynamics commute with each other
to first order of dt. The dynamics for the system state
under the measurement can be written in a Kraus form,
given an initial state ρ0,
ρ(t) =
MRρ0M†R
Tr[M†RMRρ0]
, (2)
where we have used an operator MR mapping the state
from an initial time t = 0 to any time t. The operator
is defined as MR ≡ U(dt)M(rn) · · ·U(dt)M(r1), where
U(dt) = exp(−iHˆdt), describing both the unitary dy-
namics and measurement backaction from observing the
record R. The operator M(rk) is a measurement oper-
ator, which, for our studies, can be calculated using the
quantum Bayesian method introduced in [38, 39],
M(rk) =
( dt
2piτ
) 14
exp
[
− (rk − Zˆ)
2dt
4τ
]
, (3)
describing an approximate Gaussian distribution of the
measurement results. The observable Zˆ ≡ Zˆ1⊗ Iˆ2⊗· · ·⊗
Iˆm represents the z Pauli operator on the first qubit of
the system of m qubits, and can be considered as the
dephasing channel cˆk ∝ Zˆ in Eq. (1). The measure-
ment strength is characterized by a measurement rate
Γ ≡ 1/2τ , where τ in Eq. (3) stands for a characteris-
tic measurement time, i.e., a signal-integration time to
reach unit signal-to-noise ratio [39]. Therefore, given a
measurement record R and a known Hamiltonian Hˆ, one
can calculate a quantum trajectory ρ(t) from an initial
state ρ0.
Since the measurement results are probabilistic, we can
compute a probability density function for a record R to
occur given the initial state ρ0,
P (R|ρ0) = Tr[M†RMRρ0], (4)
which is the same as the denominator of Eq. (2). In
the case that the initial state ρ0 is unknown, a Bayesian
probability density function of a possible initial state
can be obtained as: P (ρ′|R) ∝ P (R|ρ′)P (ρ′) given a
prior probability function of the unknown state P (ρ′).
This Bayesian probability function for an unknown ini-
tial state is the main quantity used in the state estimation
process.
We note that Eq. (2) is equivalent to the stochastic
master equation [23, 24] in the limit of dt → 0. Deco-
herence, inefficiencies, or extra dephasing effects can be
added to the above model, which only results in degrad-
ing the quality of the state estimation.
B. Introduction to Quantum state tomography
In this section, we review some main approaches to
quantum state tomography, and briefly discuss about
how to quantify the errors of tomography. We will
mainly focus on strategies of the linear inversion (LI), the
maximum likelihood estimation (MLE) and the Bayesian
mean estimation (BME).
1. Tomography strategies
Quantum states can be characterized by a set of pa-
rameters which quantify the weights of different basis op-
erators in the density matrix. The purpose of quantum
state tomography is to find these parameters that deter-
mine the quantum states. Suppose we want to recon-
struct a quantum state in a d dimensional Hilbert space,
and the density matrix of the state is ρ. We can expand
ρ in an orthogonal matrix basis {Eˆ0, · · · , Eˆd2−1} in the
complex-matrix Cd × Cd space,
ρ =
1
d
d2−1∑
i=0
ciEˆi, (5)
where Eˆi’s satisfy Tr(EˆiEˆj) = δij Iˆ and Eˆ
†
i = Eˆi. It is
straightforward to verify that
ci = Tr(ρ Eˆi), (6)
is a component of the state ρ corresponding to an observ-
able Eˆi.
Using a linear inversion method [1], by measuring each
observable Eˆi, we can obtain an estimate of ci from,
cˇi,LI =
∑
j Nijλij∑
j Nij
, (7)
where λij are the eigenvalues of Eˆi, and Nij are the num-
ber of times that the measurement result turns out to be
λij when measuring Eˆi. We note that we use a variable
with an upside-down hat “aˇ” to represent an estimator
of that variable a. Due to the constraint, Tr(ρ) = 1, we
only need to measure d2 − 1 of Eˆi’s. However, while this
linear inversion is simple and efficient, a major defect of
this approach is that the estimate of the density matrix
it generates is not always a legitimate one for quantum
systems. This is because the unknown coefficients ci’s
are estimated separately and the fluctuation in the esti-
mates of the coefficients may make the estimate of the
density matrix non-physical. In order to resolve this is-
sue, we need to find ways to estimate the density matrix
of a quantum system within the positivity constraint, in-
stead of estimating the coefficients of the density matrix
individually.
The maximum likelihood estimation (MLE) and the
Bayesian mean estimation (BME) can resolve the posi-
tivity issue. The key idea of these two approaches is to
4assign prior probabilities to different possible density ma-
trices of the quantum system, so that invalid candidate
states can be ruled out.
Let us suppose that we have measurement data de-
noted by X, which can include many measurement
records obtained from measuring an ensemble of un-
known quantum systems, and a likelihood function of
an unknown quantum state ρ′ given the observed record
X is denoted by L(ρ′|X). The MLE [14] is to choose the
density matrix which maximizes the likelihood function
as the estimate of the unknown state. Mathematically,
the estimate of the density matrix by MLE is given by,
ρˇMLE = arg max
ρ′
L(ρ′|X), (8)
noting that the prior distribution for MLE is implic-
itly the uniform distribution over all legitimate candidate
states where the likelihood function is maximized.
In the case if prior probability distribution q(ρ′) is non-
uniform over the valid state space of ρ′, we can compute
the most probable Bayesian estimator (MPBE) for the
tomography,
ρˇMPBE = arg max
ρ′
q(ρ′)L(ρ′|X), (9)
which differs from the MLE in explicitly taking a non-
uniform prior distribution q(ρ′) into account.
The benefit of MLE is that, if a large amount of data is
given, the MLE can asymptotically saturate the Crame´r-
Rao bound for parameter estimation (which will be in-
troduced in the next subsection). Therefore, in principle,
the MLE method can reconstruct the unknown density
matrix with an optimal precision. However, the MLE
also suffers from some drawbacks. For example, the esti-
mate may be rank deficient, sensitive to initial choices
of states used in maximization algorithms, and easily
trapped in local minimas.
On the other hand, the BME [13] approach, recon-
structing the density matrix by averaging over all possible
states weighted with posterior probabilities, is capable to
overcome the defects of the MLE method. Given that the
prior probability distribution for a candidate state ρ′ is
q(ρ′), the posterior distribution is,
P (ρ′|X) = q(ρ
′)L(ρ′|X)´
q(ρ′)L(ρ′|X)dρ′ , (10)
and the BME is then defined as
ρˇBME =
ˆ
P (ρ′|X)ρ′dρ′. (11)
We note that the advantage of BME is that it can provide
full-rank estimate of the density matrix as well as sim-
ple ways to calculate error bars of the estimate (see next
section). Moreover, one can optimize the accuracy of the
state tomography measured by some operational diver-
gence [13]. However, this BME method requires sampling
the whole space of the candidate states rather than only
near the maximum as in Eq. (8), which is generally a
computationally intensive task.
2. Benchmarking the performance of tomography
To characterize the performance of a quantum state to-
mography scheme, we need to define error measures that
properly quantifies any deviations of the estimated states
from their corresponding true states. From the point of
view of parameter estimation, quantum state tomogra-
phy is an estimation problem, where the unknown pa-
rameters to be estimated are the coefficients of quantum
states of interest. Therefore, we consider three types of
error measures: the mean square error for the individual
components, quantum state fidelity, and the trace dis-
tance.
The density matrix of a quantum system is charac-
terized by parameters ci’s, in Eq. (5). We denote their
estimates by cˇi’s and write the true and estimated pa-
rameters in vector forms as, c = {c0, · · · , cd2−1} and
cˇ = {cˇ0, · · · , cˇd2−1}. The mean square errors of the esti-
mators cˇi’s can be described by an error covariance ma-
trix,
MSE = E[(cˇ− c)T (cˇ− c)], (12)
where E[· · · ] represents an average over all possible to-
mography results. If the estimation is unbiased, then
E[cˇ] = c and MSE becomes a covariance matrix of cˇ,
Cov = E[(cˇ− E[cˇ])T (cˇ− E[cˇ])]. (13)
In estimation theory, the covariance matrix of unbiased
estimators of deterministic parameters has a lower bound
set by the Crame´r-Rao bound [40],
Cov ≥ 1
N
F−1, (14)
where N is a number of repeated independent measure-
ments, and F is the Fisher information matrix. Following
the previous section, let us use X to denote the measure-
ment result where its statistics are described by a likeli-
hood function L(X|ρ′). The Fisher information matrix
is defined as
F =
ˆ ∇TL(X|ρ′)∇L(X|ρ′)
L(X|ρ′) dX, (15)
where ∇ is a vector of partial derivative operators with
respect to the parameters c, i.e., ∇ = { ∂∂c0 , · · · , ∂∂cd2−1 }.
For the Bayesian mean estimation Eq. (11), one can
also define a covariance matrix based on the posterior
probability as a measure of the uncertainty of the BME
[13]. The Bayesian covariance matrix is given by,
CovBME =
ˆ
P (ρ′|X)(c′ − c)T (c′ − c)dρ′, (16)
where c′ is a component vector of the candidate state ρ′,
and c is a Bayesian mean defined as,
c =
ˆ
P (ρ′|X)c′dρ′. (17)
5It is straightforward to verify that a component of this
mean vector c is related to the Bayesian mean estimate
of the quantum state Eq. (11) via the relation: c¯i =
Tr(ρˇBMEEˆi).
The covariance matrix defined in Eq. (13) character-
izes the estimation errors of individual parameters and
the correlation between them; however, it cannot give an
overall benchmark for the quality of the quantum state
reconstruction. We therefore need to use quantities that
can measure quantum state distances to characterize the
overall error of quantum state tomography. Two typical
measures for the distance between two quantum states
are the fidelity and the trace distance [2].
The quantum state fidelity between an estimate ρˇ and
a true density matrix ρ is defined as,
F (ρˇ, ρ) = Tr
√√
ρρˇ
√
ρ, (18)
whereas, the trace distance between ρˇ and ρ is
D(ρˇ, ρ) =
1
2
Tr|ρˇ− ρ|. (19)
For a single qubit state, the trace distance is proportional
to the Euclidean distance between the Bloch vectors of
the two states. But for a general case, an important
relation between the fidelity and the trace distance is,
1− F (ρˇ, ρ) ≤ D(ρˇ, ρ) ≤
√
1− F (ρˇ, ρ)2, (20)
which implies that, if F (ρˇ, ρ) is close to unity, D(ρˇ, ρ) is
close to zero, and vice versa. The two measures are con-
sistent in characterizing any discrepancies between two
neighboring quantum states.
It should also be noted that the above error measures
are dependent on the actual true states of the quantum
system. Therefore, to get a state-independent benchmark
for the state tomography, the errors should be averaged
over all possible true states. Moreover, it is worth noting
the difference between the Bayesian error and the statis-
tical error (which the Fisher information, the fidelity and
the trace distance rely on): the Bayesian error measures
the uncertainty between different candidate states in the
Bayesian posterior distribution, while the statistical er-
ror measures the uncertainty between different estimates
that arises from the fluctuation in different sets of mea-
surement results.
III. QUANTUM STATE TOMOGRAPHY WITH
CONTINUOUS MEASUREMENT
In the conventional linear inversion tomography, an en-
semble of N unknown systems prepared in the same state
is divided into p sets where projective measurements of
p observables are applied to the p sets. However, we
can perform measurements that can collect information
about all observables first, and then use the methods
presented in the previous section to compute the best es-
timator of the unknown state. Here, we make use of the
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FIG. 1. Schematic diagram showing a single qubit tomog-
raphy and trial qubit trajectories on a Bloch sphere. Left:
A two-level system (qubit) under a continuous measurement
of the Zˆ observable and a controlled rotation. The continu-
ous measurement for a duration of time T gives a fluctuating
record R, which is used in estimating the qubit’s unknown ini-
tial state. Right: A Bloch sphere with two qubit trajectories
(blue and green), generated using the same record from the
left, but with different guessed initial states (shown as two red
dots on the Bloch sphere). The two trajectories give two dif-
ferent values of the probability density (likelihood) function,
P (R|ρ′a) and P (R|ρ′b).
continuous weak (finite strength) measurement of only
one system’s observable, in combination with continu-
ous controls, to extract the information of all observables
needed (see Figure 1).
With our continuous tomography strategy, we aim
at performing the same experiment protocol to all N
systems, giving a set of measurement records {Rj} =
{R1, ..., RN}. Since the N records are independent of
each other, the likelihood function for the measurement
results is simply a product of Eq. (4) for all records Rj ,
L(ρ′|{Rj}) =
N∏
j
Tr[MRjρ′M†Rj ], (21)
where we have used ρ′ as a candidate for the unknown
initial state. If the measurement records contain infor-
mation about parameters we need to estimate, i.e., the
records can be written as a function of the parameters
plus noninformative noises; then we can use the like-
lihood function Eq. (21) or its corresponding Bayesian
probability to compute estimators for the parameters us-
ing the technique from previous section.
The problem then becomes: how to choose the controls
so that the measurement results are informationally com-
plete for the tomography of the state. In the following
subsections, we will elaborate on two techniques used in
determining the controls, and present our investigation
using three examples: a single qubit tomography, a re-
mote qubit tomography, and a two qubit tomography, all
depending only on the measurement of an observable Zˆ
of a qubit, and Rabi oscillations applied locally to each
of the qubits, with fixed angles and rotation frequencies.
6A. Proposed methods to determine qubit controls
We present two approaches in this subsection to find
suitable values of the controls to apply: a more crude
but simpler approach using commutation relationships
among the qubits’ observables, and an approach using the
Fisher information matrix of the unknown state parame-
ters. Since we require the unitary controls to map all ob-
servables to the measured observable at some point dur-
ing the measurement time, the unitary dynamics should
dominate the measurement backaction. Considering only
the unitary dynamics, for an infinitesimal time dt, the
system evolves as,
ρ(dt) = e−iHˆdtρ0e+iHˆdt
=
1
d
∑
j
c0j Eˆj − i[Hˆ,
1
d
∑
j
c0j Eˆj ]dt
− dt
2
2
[Hˆ, [Hˆ,
1
d
∑
j
c0j Eˆj ]] + · · · , (22)
where we have substituted the state expansion defined in
Eq. (5) for the initial state ρ0. The · · · refers to terms
with higher orders of dt which contain three or more or-
ders of commutators between the initial state ρ0 and the
system’s Hamiltonian Hˆ. The evolved quantum state
ρ(dt) is shown as a function of the components c0j of the
initial state and is then measured in Zˆ basis.
If we also expand the left-hand side of Eq. (22), ρ(dt) =
(1/d)
∑
k c
dt
k Eˆk, in the same basis, we find a relationship
cdt
Zˆ
= c0
Zˆ
+ dt
∑
j′
αj′c
0
j′ + dt
2
∑
j′′
αj′′c
0
j′′ + · · · , (23)
where cdt
Zˆ
= Tr[ρ(dt)Zˆ] is the component of the system
state’s on the measured observable. The sums over in-
dices j′ and j′′ are for components c0j′ and c
0
j′′ that satisfy
[Hˆ, Eˆj′ ] ∝ Zˆ and [Hˆ, [Hˆ, Eˆj′′ ]] ∝ Zˆ, respectively, noting
that any non-zero proportional constants are included in
the definitions of αj′ and αj′′ . Therefore, the value of c
dt
Zˆ
is what is being measured, which we would like it to be
a function of all components c0j for j = 1, 2, ..., d
2 − 1 we
need to estimate.
Another approach is to calculate the Fisher informa-
tion matrix Eq. (15) for the parameters defining the un-
known state. The probability distribution of a measure-
ment result R is given by Eq. (4) and the integral
´
dX
in (15) is then replaced with
´
dr1 · · · drn. However, be-
cause the Kraus operator MR is a product of noncom-
muting matrices U(dt) and M(rk) for k = 1, ..., n, the
product is not easily simplified. To obtain analytic re-
sults, we expand the measurement operator Eq. (3) for
small dt,
M(rk) ≈
(
dt
2piτ
)1/4
e−
(2r2k+1)dt
4τ
(
Iˆ +
rkdt
2τ
Zˆ
)
, (24)
where Iˆ ≡ Iˆ1⊗ Iˆ2 · · ·⊗ Iˆm is an identity matrix for a sys-
tem of m qubits, and substitute the expansion to com-
pute an approximated function of the probability distri-
bution function P (R|ρ0) in Eq. (4). The (j, j′)-th element
of the Fisher information matrix is given by,
Fj,j′ =
˙
∂jP (R|ρ0)∂j′P (R|ρ0)
P (R|ρ0) dr0 · · · drn, (25)
where j (and j′) are indices for different components c0j
(and c0j′) of the system state ρ0 and the partial deriva-
tives are defined as ∂j ≡ ∂/∂c0j . We show in Appendix A
the full derivation of the matrix for the two-qubit case.
The analytical results we have are expansions to first or-
der in 1/τ . Therefore, the results are applicable to weak
measurement limit τ  T . The calculation can also be
generalized to the single qubit tomography and more. We
will use these analyses to help us choose dynamical con-
trols for the three examples in the following subsections.
B. Single-qubit state tomography
The first application of our approach is quantum state
tomography for an unknown single qubit state, where
only the Zˆ observable of the qubit can be accessed or be
measured. Since we are interested in the qubit control
being a simple Rabi oscillation along a fixed axis with
constant frequency, there are only two degrees of freedom
to vary: the axis of rotation and the rotation rate. The
Hamiltonian of the system is given by,
Hˆ =
Ω
2
(~n · ~ˆσ), (26)
where Ω is the oscillation rate, ~n is a unit vector describ-
ing the axis of rotation, and ~ˆσ = {Xˆ, Yˆ , Zˆ} is a vector of
Pauli operators.
We first use the analysis shown in Eq. (22) and (23)
and construct a commutator table in Fig. 2(a). The
table shows all possible commutators between observ-
ables of interest (on the first column) and terms that
could exist in the control Hamiltonian (the first row).
If one chooses the qubit’s oscillation to be around the
x-axis, i.e., Hˆ ∝ Xˆ, then we find that a commutator
[Hˆ, Eˆj′ ] ∝ Zˆ in (22) has only one possibility which is
Eˆj′ = Yˆ (shown as the intersection of dashed boxes
in Fig. 2(a)). For the second order term, we find that
[Xˆ, [Xˆ, Eˆj′′ ]] ∝ Zˆ is satisfied only when Eˆj′′ = Zˆ, which
is nothing new. We can conclude that the measured com-
ponent cdt
Zˆ
in (23) can only be a function of initial state
components of Zˆ and Yˆ , but not Xˆ. In other words,
only the information about the Yˆ initial coordinate can
be transferred to the measured Zˆ component via the ro-
tation given by Hˆ ∝ Xˆ.
To obtain knowledge of all three qubit components, one
can guess that the Rabi control should be a combination
of at least two of the three observables. For example, ap-
plying a control proportional to Xˆ+ Yˆ should lead to the
7(d)
(c)
Pauli Controls
Matrices Xˆ Yˆ Zˆ
Xˆ 0 Zˆ Yˆ
Yˆ Zˆ 0 Xˆ
Zˆ Yˆ Xˆ 0
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Oscillation frequency Ω
Fisher Information matrix elements
(a) Commutator Table (b)
⌧ = T/5
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FIG. 2. Analysis of possible controls for the single-qubit state
tomography. (a) The commutator table shows results of all
commutators between three observables on the first column
and three possible terms in the system’s (control) Hamilto-
nian on the first row. We omit any complex proportional
factors of the commutators. The dotted boxes are to high-
light the control (Hˆ ∝ Xˆ) and the measured observable (Zˆ),
while the solid boxes are for the observables that can be esti-
mated given the particular control. (b,d) Diagonal elements
of the Fisher information matrix and its inverse matrix are
plotted with different polar angles θ of the Rabi oscillation
axis. The rotation rate is fixed at Ω = 2pi(1.7)/T where T
is the duration of the experiment. The yellow bands show
the range of θ one can use for the qubit tomography. (c) The
diagonal elements of the Fisher information matrix with vary-
ing Ω, keeping θ = φ = pi/4 fixed. The units of Ω are 2pi/T
and we used τ = T/5 for all plots.
transfer of information of the x and y qubit coordinates
to the observed component of Zˆ. We can write arrow
diagrams as,
Xˆ
Yˆ−→ Zˆ,
Yˆ
Xˆ−→ Zˆ,
where the terms in the Hamiltonian responsible for the
information transfer are written above the arrows.
We then compute the Fisher information matrix (25)
for the weak measurement limit and show in Fig. 2(b,c,d)
the diagonal elements Fxx, Fyy and Fzz for different an-
gles of the Rabi axis and oscillation frequencies. In the
panels (b) and (d), we vary the polar angle θ of the Rabi
axis, keeping the azimuthal angle fixed at φ = pi/4 (in
fact this angle does not effect much the estimation qual-
ity and can be chosen arbitrary). As θ grows, the in-
formation of z decreases from its maximum value, while
Fxx and Fyy increase and reach roughly the same level
as Fzz at around θ ∼ pi/4±pi/8. Fig 2(c) shows diagonal
elements for the inverse of the Fisher information matrix
C ≡ F−1 which tells us the lower bound for the variances
of the estimated parameters.
Total measurement time in units of 
Es
tim
at
io
n 
er
ro
rs
Si
gn
al
-40-20
0
20
40
T1
t2 t3
T3 = 0.9

Fidelity = 0.999 T1 = 0.1

Fidelity = 0.975 T2 = 0.3
Fidelity = 0.987 
T2 T3
⌧
<latexit sha1_base64="/fhCNELFbIR29m/CM0nDn0479YI=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUUTIJ0R2AiR0GEhID0a 1dU02O47bWEidKHEhqgrhx4wrfgw/BZ+Db4CQbY7WxWkuJrNc/P+/bR5XixQFJmW3/Xlm9cvXamrF+vXXj5q3bdzY27x6mUZYg3ENRECV9D6Y4IBT3GGEB7scJhqEX4CPvdK86P/qAk5RE9D0rYjwK4YSSMUGQVSWXwexko21btmPvbHdNeeNYdr3az3+1nn4BABycbK79dP0IZSGmD AUwTYeOHbMRhwkjKMBly81SHEN0Cid4KLYUhjgd8XrY0nwoKr45jhLxUGbW1X9vcBimaRF6IhlCNk3nz6qi8swL5zqzcXfECY0zhilqGo+zwGSRWZkwfZJgxIJCbCBKiJjdRFOYQMSEr0vkvB6yU7+ZF4g2Ph4L4XWBvyaTKXuH/ZInE6/kTse2dqrn8VxuP4FFySf127a688c1Zq+A 9IwjIt2O03FUsQEOguhvv6pjVxXbTzC+oNU5aSrd9BR/FKEspJUvDkv+jLtNYe5uiaS0p043kyvyvjpf/4SLeBhC6nM3IqTkLsM5q6PDSuqI2yXf4u4UMvNVaboRI+JvZ54XtkqJkS/H6KsYxXKMgYoxW45xrGDkeh/9RXzkeh8SQ+Uj1/uQGCofud6HxFD5KPQ+Bov4KPQ+JIbKR6H3 ITFUPgq9D4mh8jHT+zhexMdM70NiqHzM9D4khsrHTO9DYjQ+WuIzd/4tM/+/Ody2HNty3trt3RegWevgPngAHgEHPAG74CU4AD2AwBR8A9/BD+ONkRmfjM9NdHXl7M49cGkZX/8AV43XGg==</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="yGeiJklXBPS+Q4gOT9D5Vt5uHM8=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJmG1h6AiR0GEhID0a 1dU02O47bW8qbEgaQmXLlxhTsfgQ/BR0B8G5yk21htWa2lRNbjv39+8lMkO5FHEmqaf1dWr12/saat32zcun3n7r2NzftHSZjGCHdR6IVxz4EJ9kiAu5RQD/eiGEPf8fCxc7Zfrh9/xHFCwuADzSM89OE4ICOCIC1LNoXp6UbTNEzL7Gy3dXFiGWY1mi9+N55FP/80Dk83137ZbohSH wcUeTBJBpYZ0SGDMSXIw0XDThMcQXQGx3jApwH0cTJkVbOF/phXXH0UxvwJqF5V/9/BoJ8kue/wpA/pJJlfK4vSNcefO5mO2kNGgiilOED1waPU02molyZ0l8QYUS/nE4hiwnvX0QTGEFHu6wo5q5psVW/qePwYF4+48KrA3pDxhL7HbsHisVMwq2UanfJ5Opc7iGFesHH1No32/HKF 2c9hMOPwSLtltSxZrI89L7w4rzyxLYsdxBhf0qqc0JWq+wB/4qHUD0pfDBbsObPrwtzeAglpR56uO5fkXXm++oTLuO/DwGV2SEjBbIozWkUHpdQhMwu2xewJpPrrQrdDSvhvp58XtgqBkS3H6MkY+XKMvowxXY5xImFkah+9RXxkah8CQ+YjU/sQGDIfmdqHwJD5yNU++ov4yNU+BIbM R672ITBkPnK1D4Eh8zFV+zhZxMdU7UNgyHxM1T4EhszHVO1DYNQ+GvyaO7/L+O3W4WN3ZzbpWBfX3NG2YZmG9c5s7r0E9VgHD8Ej8ARYYBfsgVfgEHQBAhPwDXwHP7S3Wqp91r7U0dWV2Z4H4MrQvv4D+27Y6Q==</latexit><latexit sha1_base64="odk+BOJoEMWGTXV5zu9j4o2aEBE=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUVTKB1l7QxA4DCYmB6N ZuqSbHcVtriRM5DiQ14cqNK3wPPg3fBiftNlZbVmspkfX658dvHkWyn4Qk5Y7zd2391u07G9bm3ca9+w8ePtrafnycxhlDuIfiMGZ9H6Y4JBT3OOEh7icMw8gP8Yl/cVCtn3zBLCUx/cyLBA8jOKZkRBDkVcnjMDvfajptx3W6ux1bnbhtpx5NMB9H59sbf7wgRlmEKUchTNMz10n4U EDGCQpx2fCyFCcQXcAxPpNTCiOcDkXdbGk/l5XAHsVMPpTbdfX/HQJGaVpEvkxGkE/SxbWqqF3zo4WT+agzFIQmGccUzQ4eZaHNY7syYQeEYcTDQk4gYkT2bqMJZBBx6esGOa+bbNVv7ofymACPpPC6IN6T8YR/wkEp2Ngvhdty2t3qebWQO2SwKMW4fjvtzuJyjTkoIJ1zZKTTcluu LjbAYRhfnVed2NHFDhnG17Q6p3Rl6p7irzKURbTyJWApXgtvVljYWyIl7evTs841+UCfrz/hOh5FkAbCiwkphcdxzuvoWSV1KJxS7AhvArn9rrS9mBP529mXhZ1SYeSrMfo6RrEaY6BjTFdjnGoYudlHfxkfudmHwtD5yM0+FIbOR272oTB0Pgqzj8EyPgqzD4Wh81GYfSgMnY/C7ENh 6HxMzT5Ol/ExNftQGDofU7MPhaHzMTX7UBgzHw15zV3eZfJ268qx93I+6bpX19zxbtt12u5Hp7n/Zn7hbYKn4Bl4AVywB/bBW3AEegCBCfgJfoHf1gcrs75Z32fR9bX5nifgxrB+/AN1KNWo</latexit>
⌧
<latexit sha1_base64="/fhCNELFbIR29m/CM0nDn0479YI=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUUTIJ0R2AiR0GEhID0a1dU02O47bWEidKHEhqgrhx4wrfgw/BZ+Db4CQbY7WxWkuJrNc/P+/bR5XixQFJmW3/Xlm9cvXamrF+vXXj5q3bdzY27x6mUZYg3ENRECV9 D6Y4IBT3GGEB7scJhqEX4CPvdK86P/qAk5RE9D0rYjwK4YSSMUGQVSWXwexko21btmPvbHdNeeNYdr3az3+1nn4BABycbK79dP0IZSGmDAUwTYeOHbMRhwkjKMBly81SHEN0Cid4KLYUhjgd8XrY0nwoKr45jhLxUGbW1X9vcBimaRF6IhlCNk3nz6qi8swL5zqzcXfECY0zhilqGo+zwGSRWZkwfZJgxIJCbCBKiJjdRFOYQMSEr0vkvB6yU7+ZF4g2Ph4L4XWBvyaTKXuH/ZInE6/kTse2dqrn8VxuP4FFySf127a688c1Zq+A9IwjIt2O03FUsQEOguhvv6pjVxXbTzC+oNU5aSrd9BR/FKEspJUvDkv+jLtNYe5uiaS0p043kyvyvjpf/4SLeBhC6nM3IqTkLsM5q6PDSu qI2yXf4u4UMvNVaboRI+JvZ54XtkqJkS/H6KsYxXKMgYoxW45xrGDkeh/9RXzkeh8SQ+Uj1/uQGCofud6HxFD5KPQ+Bov4KPQ+JIbKR6H3ITFUPgq9D4mh8jHT+zhexMdM70NiqHzM9D4khsrHTO9DYjQ+WuIzd/4tM/+/Ody2HNty3trt3RegWevgPngAHgEHPAG74CU4AD2AwBR8A9/BD+ONkRmfjM9NdHXl7M49cGkZX/8AV43XGg==</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS0 78EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6MsxBFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0e NK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspHofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS0 78EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6MsxBFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0e NK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspHofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS0 78EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6MsxBFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0e NK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspHofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="yGeiJklXBPS+Q4gOT9D5Vt5uHM8=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJmG1h6AiR0GEhID0a1dU02O47bW8qbEgaQmXLlxhTsfgQ/BR0B8G5yk21htWa2lRNbjv39+8lMkO5FHEmqaf1dWr12/saat32zcun3n7r2NzftHSZjGCHdR6IVx z4EJ9kiAu5RQD/eiGEPf8fCxc7Zfrh9/xHFCwuADzSM89OE4ICOCIC1LNoXp6UbTNEzL7Gy3dXFiGWY1mi9+N55FP/80Dk83137ZbohSHwcUeTBJBpYZ0SGDMSXIw0XDThMcQXQGx3jApwH0cTJkVbOF/phXXH0UxvwJqF5V/9/BoJ8kue/wpA/pJJlfK4vSNcefO5mO2kNGgiilOED1waPU02molyZ0l8QYUS/nE4hiwnvX0QTGEFHu6wo5q5psVW/qePwYF4+48KrA3pDxhL7HbsHisVMwq2UanfJ5Opc7iGFesHH1No32/HKF2c9hMOPwSLtltSxZrI89L7w4rzyxLYsdxBhf0qqc0JWq+wB/4qHUD0pfDBbsObPrwtzeAglpR56uO5fkXXm++oTLuO/DwGV2SEjBbIozWk UHpdQhMwu2xewJpPrrQrdDSvhvp58XtgqBkS3H6MkY+XKMvowxXY5xImFkah+9RXxkah8CQ+YjU/sQGDIfmdqHwJD5yNU++ov4yNU+BIbMR672ITBkPnK1D4Eh8zFV+zhZxMdU7UNgyHxM1T4EhszHVO1DYNQ+GvyaO7/L+O3W4WN3ZzbpWBfX3NG2YZmG9c5s7r0E9VgHD8Ej8ARYYBfsgVfgEHQBAhPwDXwHP7S3Wqp91r7U0dWV2Z4H4MrQvv4D+27Y6Q==</latexit><latexit sha1_base64="odk+BOJoEMWGTXV5zu9j4o2aEBE=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUVTKB1l7QxA4DCYmB6NZuqSbHcVtriRM5DiQ14cqNK3wPPg3fBiftNlZbVmspkfX658dvHkWyn4Qk5Y7zd2391u07G9bm3ca9+w8ePtrafnycxhlDuIfiMGZ9H6Y4 JBT3OOEh7icMw8gP8Yl/cVCtn3zBLCUx/cyLBA8jOKZkRBDkVcnjMDvfajptx3W6ux1bnbhtpx5NMB9H59sbf7wgRlmEKUchTNMz10n4UEDGCQpx2fCyFCcQXcAxPpNTCiOcDkXdbGk/l5XAHsVMPpTbdfX/HQJGaVpEvkxGkE/SxbWqqF3zo4WT+agzFIQmGccUzQ4eZaHNY7syYQeEYcTDQk4gYkT2bqMJZBBx6esGOa+bbNVv7ofymACPpPC6IN6T8YR/wkEp2Ngvhdty2t3qebWQO2SwKMW4fjvtzuJyjTkoIJ1zZKTTcluuLjbAYRhfnVed2NHFDhnG17Q6p3Rl6p7irzKURbTyJWApXgtvVljYWyIl7evTs841+UCfrz/hOh5FkAbCiwkphcdxzuvoWSV1KJxS7AhvAr n9rrS9mBP529mXhZ1SYeSrMfo6RrEaY6BjTFdjnGoYudlHfxkfudmHwtD5yM0+FIbOR272oTB0Pgqzj8EyPgqzD4Wh81GYfSgMnY/C7ENh6HxMzT5Ol/ExNftQGDofU7MPhaHzMTX7UBgzHw15zV3eZfJ268qx93I+6bpX19zxbtt12u5Hp7n/Zn7hbYKn4Bl4AVywB/bBW3AEegCBCfgJfoHf1gcrs75Z32fR9bX5nifgxrB+/AN1KNWo</latexit>
⌧
<latexit sha1_base64="/fhCNELFbIR29m/CM0nDn0479YI=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUUTIJ0R2AiR0GEhID0a 1dU02O47bWEidKHEhqgrhx4wrfgw/BZ+Db4CQbY7WxWkuJrNc/P+/bR5XixQFJmW3/Xlm9cvXamrF+vXXj5q3bdzY27x6mUZYg3ENRECV9D6Y4IBT3GGEB7scJhqEX4CPvdK86P/qAk5RE9D0rYjwK4YSSMUGQVSWXwexko21btmPvbHdNeeNYdr3az3+1nn4BABycbK79dP0IZSGmD AUwTYeOHbMRhwkjKMBly81SHEN0Cid4KLYUhjgd8XrY0nwoKr45jhLxUGbW1X9vcBimaRF6IhlCNk3nz6qi8swL5zqzcXfECY0zhilqGo+zwGSRWZkwfZJgxIJCbCBKiJjdRFOYQMSEr0vkvB6yU7+ZF4g2Ph4L4XWBvyaTKXuH/ZInE6/kTse2dqrn8VxuP4FFySf127a688c1Zq+A 9IwjIt2O03FUsQEOguhvv6pjVxXbTzC+oNU5aSrd9BR/FKEspJUvDkv+jLtNYe5uiaS0p043kyvyvjpf/4SLeBhC6nM3IqTkLsM5q6PDSuqI2yXf4u4UMvNVaboRI+JvZ54XtkqJkS/H6KsYxXKMgYoxW45xrGDkeh/9RXzkeh8SQ+Uj1/uQGCofud6HxFD5KPQ+Bov4KPQ+JIbKR6H3 ITFUPgq9D4mh8jHT+zhexMdM70NiqHzM9D4khsrHTO9DYjQ+WuIzd/4tM/+/Ody2HNty3trt3RegWevgPngAHgEHPAG74CU4AD2AwBR8A9/BD+ONkRmfjM9NdHXl7M49cGkZX/8AV43XGg==</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="yGeiJklXBPS+Q4gOT9D5Vt5uHM8=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJmG1h6AiR0GEhID0a 1dU02O47bW8qbEgaQmXLlxhTsfgQ/BR0B8G5yk21htWa2lRNbjv39+8lMkO5FHEmqaf1dWr12/saat32zcun3n7r2NzftHSZjGCHdR6IVxz4EJ9kiAu5RQD/eiGEPf8fCxc7Zfrh9/xHFCwuADzSM89OE4ICOCIC1LNoXp6UbTNEzL7Gy3dXFiGWY1mi9+N55FP/80Dk83137ZbohSH wcUeTBJBpYZ0SGDMSXIw0XDThMcQXQGx3jApwH0cTJkVbOF/phXXH0UxvwJqF5V/9/BoJ8kue/wpA/pJJlfK4vSNcefO5mO2kNGgiilOED1waPU02molyZ0l8QYUS/nE4hiwnvX0QTGEFHu6wo5q5psVW/qePwYF4+48KrA3pDxhL7HbsHisVMwq2UanfJ5Opc7iGFesHH1No32/HKF 2c9hMOPwSLtltSxZrI89L7w4rzyxLYsdxBhf0qqc0JWq+wB/4qHUD0pfDBbsObPrwtzeAglpR56uO5fkXXm++oTLuO/DwGV2SEjBbIozWkUHpdQhMwu2xewJpPrrQrdDSvhvp58XtgqBkS3H6MkY+XKMvowxXY5xImFkah+9RXxkah8CQ+YjU/sQGDIfmdqHwJD5yNU++ov4yNU+BIbM R672ITBkPnK1D4Eh8zFV+zhZxMdU7UNgyHxM1T4EhszHVO1DYNQ+GvyaO7/L+O3W4WN3ZzbpWBfX3NG2YZmG9c5s7r0E9VgHD8Ej8ARYYBfsgVfgEHQBAhPwDXwHP7S3Wqp91r7U0dWV2Z4H4MrQvv4D+27Y6Q==</latexit><latexit sha1_base64="odk+BOJoEMWGTXV5zu9j4o2aEBE=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUVTKB1l7QxA4DCYmB6N ZuqSbHcVtriRM5DiQ14cqNK3wPPg3fBiftNlZbVmspkfX658dvHkWyn4Qk5Y7zd2391u07G9bm3ca9+w8ePtrafnycxhlDuIfiMGZ9H6Y4JBT3OOEh7icMw8gP8Yl/cVCtn3zBLCUx/cyLBA8jOKZkRBDkVcnjMDvfajptx3W6ux1bnbhtpx5NMB9H59sbf7wgRlmEKUchTNMz10n4U EDGCQpx2fCyFCcQXcAxPpNTCiOcDkXdbGk/l5XAHsVMPpTbdfX/HQJGaVpEvkxGkE/SxbWqqF3zo4WT+agzFIQmGccUzQ4eZaHNY7syYQeEYcTDQk4gYkT2bqMJZBBx6esGOa+bbNVv7ofymACPpPC6IN6T8YR/wkEp2Ngvhdty2t3qebWQO2SwKMW4fjvtzuJyjTkoIJ1zZKTTcluu LjbAYRhfnVed2NHFDhnG17Q6p3Rl6p7irzKURbTyJWApXgtvVljYWyIl7evTs841+UCfrz/hOh5FkAbCiwkphcdxzuvoWSV1KJxS7AhvArn9rrS9mBP529mXhZ1SYeSrMfo6RrEaY6BjTFdjnGoYudlHfxkfudmHwtD5yM0+FIbOR272oTB0Pgqzj8EyPgqzD4Wh81GYfSgMnY/C7ENh 6HxMzT5Ol/ExNftQGDofU7MPhaHzMTX7UBgzHw15zV3eZfJ268qx93I+6bpX19zxbtt12u5Hp7n/Zn7hbYKn4Bl4AVywB/bBW3AEegCBCfgJfoHf1gcrs75Z32fR9bX5nifgxrB+/AN1KNWo</latexit>
⌧
<latexit sha1_base64="/fhCNELFbIR29m/CM0nDn0479YI=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUUTIJ0R2AiR0GEhID0a 1dU02O47bWEidKHEhqgrhx4wrfgw/BZ+Db4CQbY7WxWkuJrNc/P+/bR5XixQFJmW3/Xlm9cvXamrF+vXXj5q3bdzY27x6mUZYg3ENRECV9D6Y4IBT3GGEB7scJhqEX4CPvdK86P/qAk5RE9D0rYjwK4YSSMUGQVSWXwexko21btmPvbHdNeeNYdr3az3+1nn4BABycbK79dP0IZSGmD AUwTYeOHbMRhwkjKMBly81SHEN0Cid4KLYUhjgd8XrY0nwoKr45jhLxUGbW1X9vcBimaRF6IhlCNk3nz6qi8swL5zqzcXfECY0zhilqGo+zwGSRWZkwfZJgxIJCbCBKiJjdRFOYQMSEr0vkvB6yU7+ZF4g2Ph4L4XWBvyaTKXuH/ZInE6/kTse2dqrn8VxuP4FFySf127a688c1Zq+A 9IwjIt2O03FUsQEOguhvv6pjVxXbTzC+oNU5aSrd9BR/FKEspJUvDkv+jLtNYe5uiaS0p043kyvyvjpf/4SLeBhC6nM3IqTkLsM5q6PDSuqI2yXf4u4UMvNVaboRI+JvZ54XtkqJkS/H6KsYxXKMgYoxW45xrGDkeh/9RXzkeh8SQ+Uj1/uQGCofud6HxFD5KPQ+Bov4KPQ+JIbKR6H3 ITFUPgq9D4mh8jHT+zhexMdM70NiqHzM9D4khsrHTO9DYjQ+WuIzd/4tM/+/Ody2HNty3trt3RegWevgPngAHgEHPAG74CU4AD2AwBR8A9/BD+ONkRmfjM9NdHXl7M49cGkZX/8AV43XGg==</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="3jlUNlc6GeghF2MWcRCOpvDlVTw=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhID0a 3dUk2O47bW8ibHgaQmXLlxhTsfgQ/BR0B8G5xkY6w2VmspkfX479/z9KdK8ZKApMy2fy8tX7l6bcVYvd66cfPW7Ttr63cP0jijCPdQHMS078EUByTCPUZYgPsJxTD0Anzone5W54fvMU1JHL1jRYKHIRxHZEQQZFXJZTA7WWvblu3Y25tdU944ll2v9rOfrSfJ91+t/ZP1lR+uH6Msx BFDAUzTY8dO2JBDyggKcNlysxQnEJ3CMT4W2wiGOB3yetjSfCgqvjmKqXgiZtbVf29wGKZpEXoiGUI2SWfPqqLyzAtnOrNRd8hJlGQMR6hpPMoCk8VmZcL0CcWIBYXYQESJmN1EE0ghYsLXJXJeD9mp38wLRBsfj4TwusBfkfGEvcV+yenYK7nTsa3t6tmaye1RWJR8XL9tqzt7XGN2 CxidcUSk23E6jio2wEEQ/+1XdeyqYnsU4wtanZOm0k0f4Q8ilIVR5YvDkj/lblOYuVsiKe2p083kiryvztc/4SIehjDyuRsTUnKX4ZzV0eNK6pDbJd/g7gQy82VpujEj4m9nnhc2SomRL8boqxjFYoyBijFdjHGkYOR6H/15fOR6HxJD5SPX+5AYKh+53ofEUPko9D4G8/go9D4khspH ofchMVQ+Cr0PiaHyMdX7OJrHx1TvQ2KofEz1PiSGysdU70NiND5a4jN3/i0z/7852LQc23Le2O2d56BZq+A+eAAeAQc8BjvgBdgHPYDABHwBX8E347WRGR+NT010eenszj1waRmf/wDV/NiO</latexit><latexit sha1_base64="yGeiJklXBPS+Q4gOT9D5Vt5uHM8=">AAAHzXiclZVNb9MwGMe9AcsobxscuUR0SByqKJmG1h6AiR0GEhID0a 1dU02O47bW8qbEgaQmXLlxhTsfgQ/BR0B8G5yk21htWa2lRNbjv39+8lMkO5FHEmqaf1dWr12/saat32zcun3n7r2NzftHSZjGCHdR6IVxz4EJ9kiAu5RQD/eiGEPf8fCxc7Zfrh9/xHFCwuADzSM89OE4ICOCIC1LNoXp6UbTNEzL7Gy3dXFiGWY1mi9+N55FP/80Dk83137ZbohSH wcUeTBJBpYZ0SGDMSXIw0XDThMcQXQGx3jApwH0cTJkVbOF/phXXH0UxvwJqF5V/9/BoJ8kue/wpA/pJJlfK4vSNcefO5mO2kNGgiilOED1waPU02molyZ0l8QYUS/nE4hiwnvX0QTGEFHu6wo5q5psVW/qePwYF4+48KrA3pDxhL7HbsHisVMwq2UanfJ5Opc7iGFesHH1No32/HKF 2c9hMOPwSLtltSxZrI89L7w4rzyxLYsdxBhf0qqc0JWq+wB/4qHUD0pfDBbsObPrwtzeAglpR56uO5fkXXm++oTLuO/DwGV2SEjBbIozWkUHpdQhMwu2xewJpPrrQrdDSvhvp58XtgqBkS3H6MkY+XKMvowxXY5xImFkah+9RXxkah8CQ+YjU/sQGDIfmdqHwJD5yNU++ov4yNU+BIbM R672ITBkPnK1D4Eh8zFV+zhZxMdU7UNgyHxM1T4EhszHVO1DYNQ+GvyaO7/L+O3W4WN3ZzbpWBfX3NG2YZmG9c5s7r0E9VgHD8Ej8ARYYBfsgVfgEHQBAhPwDXwHP7S3Wqp91r7U0dWV2Z4H4MrQvv4D+27Y6Q==</latexit><latexit sha1_base64="odk+BOJoEMWGTXV5zu9j4o2aEBE=">AAAHzXiclZVPb9MwGIe9Acso/zY4conokDhUVTKB1l7QxA4DCYmB6N ZuqSbHcVtriRM5DiQ14cqNK3wPPg3fBiftNlZbVmspkfX658dvHkWyn4Qk5Y7zd2391u07G9bm3ca9+w8ePtrafnycxhlDuIfiMGZ9H6Y4JBT3OOEh7icMw8gP8Yl/cVCtn3zBLCUx/cyLBA8jOKZkRBDkVcnjMDvfajptx3W6ux1bnbhtpx5NMB9H59sbf7wgRlmEKUchTNMz10n4U EDGCQpx2fCyFCcQXcAxPpNTCiOcDkXdbGk/l5XAHsVMPpTbdfX/HQJGaVpEvkxGkE/SxbWqqF3zo4WT+agzFIQmGccUzQ4eZaHNY7syYQeEYcTDQk4gYkT2bqMJZBBx6esGOa+bbNVv7ofymACPpPC6IN6T8YR/wkEp2Ngvhdty2t3qebWQO2SwKMW4fjvtzuJyjTkoIJ1zZKTTcluu LjbAYRhfnVed2NHFDhnG17Q6p3Rl6p7irzKURbTyJWApXgtvVljYWyIl7evTs841+UCfrz/hOh5FkAbCiwkphcdxzuvoWSV1KJxS7AhvArn9rrS9mBP529mXhZ1SYeSrMfo6RrEaY6BjTFdjnGoYudlHfxkfudmHwtD5yM0+FIbOR272oTB0Pgqzj8EyPgqzD4Wh81GYfSgMnY/C7ENh 6HxMzT5Ol/ExNftQGDofU7MPhaHzMTX7UBgzHw15zV3eZfJ268qx93I+6bpX19zxbtt12u5Hp7n/Zn7hbYKn4Bl4AVywB/bBW3AEegCBCfgJfoHf1gcrs75Z32fR9bX5nifgxrB+/AN1KNWo</latexit>
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
FIG. 3. Estimation errors of the unknown single-qubit state
for different total measurement (data collection) times with
N = 5000. (Top) An example of a measurement record as
a function of time. (Bottom, data points) The errors of the
estimate calculated from the square root of the trace of the
Bayesian covariance matrix Eq. (16). The fitting curve is ∼
1/
√
T . The three Bloch spheres, at T1 = 0.1τ , T2 = 0.3τ and
T3 = 0.9τ , show the Bayesian estimators (Red), the maximum
likelihood estimators (Blue), the unknown true state (Green),
and the error ellipsoids from Eq. (27). The fidelity between
the Bayesian estimators and the true state are also shown for
the three measurement times.
We then choose the oscillation axis to be at an angle
θ = pi/4 and see how the Fisher information changes with
varying Rabi oscillation rate Ω in Figure 2(c). Increasing
the frequency results in changing information access from
only Zˆ to all Xˆ, Yˆ , and Zˆ, and the trend is practically
unchanged after Ω reaches ∼ 1.0 × 2pi/T . We note that
changing τ (inversely proportional to the measurement
strength) only effects the amount of total information
gain during the course of measurement time T , but does
not effect the relative division of information between the
three parameters.
To investigate the quality of the state tomography,
we numerically simulate quantum trajectories along with
their measurement records, and analyze the Bayesian
estimators and the maximum likelihood estimators for
different measurement and control parameters (see Ap-
pendix B for more detail on the numerical simulation).
We consider the mean square error calculated from the
trace of a Bayesian covariance matrix, Eq. (16). Alter-
natively, this covariance matrix can be used to construct
an error ellipsoid for the Bayesian mean estimate. The
ellipsoid is described by,
r2 = ~n† · C · ~n, (27)
where r is the radius of the ellipsoid and is dependent
on the direction of a unit vector ~n pointing out from the
Bayesian estimator in the Bloch sphere.
We show in Figure 3 the mean square error of Bayesian
8estimators which decreases as 1/
√
T where T is the total
measurement time. The error ellipsoids, the Bayesian es-
timators, the maximum likelihood estimators, and the
true states are also shown on Bloch spheres at time
T1 = 0.1τ , T2 = 0.3τ and T3 = 0.9τ . As the total time
increases, the estimation quality gets better and the size
of the error ellipsoid shrinks. The total number of un-
known qubits N used in the estimation is chosen to be
5000 for the data presented in Figure 3, giving the fidelity
Eq. (18) F = 0.999 at T3. However, one can improve the
fidelity further by increasing N . From these results, we
learn that the total measurement time T should be at
least a few τ given that N is big enough, so that we can
be sure the information about the initial states are col-
lected via the measurement to the desired accuracy. We
stress that making the total measurement time T much
longer than that will not give further information about
the initial state, because the measurement signal becomes
uncorrelated with the initial state.
We also perform the numerical simulation for varying
Rabi oscillation frequencies, to confirm the trend seen in
Fig 2(c) for the Rabi angle θ = φ = pi/4. As expected, see
Figure 4(a), at Ω = 0, the Zˆ component of the unknown
qubit is the only estimated parameter with a very small
error bar. As the oscillation frequency reaches Ω ∼ 0.5×
2pi/T , the estimation quality for Xˆ and Yˆ components
attain the similar level of precision as the Zˆ component.
One interesting feature is that the estimation error stays
unchanged for Ω & 1.0×2pi/T , similar to what was found
in Fig 2(c). This can be explained that, because the
amount of total information is fixed by T , τ and N , the
role of the rotation is simply to propagate information of
all other qubit coordinates to the measured observable.
Once the oscillation rate reaches a threshold ∼ 1.0 ×
2pi/T , the estimation quality among all observables stays
about the same.
The fidelity of the state estimation also changes with
varying parameters. In Figure 4(b), the average fideli-
ties for different values of τ and Ω are calculated from
100 numerical data sets, where each set contains one es-
timate from the Bayesian mean method using N = 5000
measurement records. In order to compare the effect of
τ and Ω, the initial unknown state is fixed at the same
ρ0. As Ω increases, the average fidelities increase from
the value around 0.91, where only the z coordinate is
estimated, to the value close to 1 at a high oscillation
rate. The change in τ results in competing effects be-
tween the measurement rate and the oscillation rate, i.e.,
given fixed T , the stronger measurement (red) reaches a
high value of state fidelity faster than the weak measure-
ment. However, we note that if the measurement rate is
too strong, i.e., much stronger than the oscillation rate
Ω  1/τ , then the measured information will only be
about the Zˆ component, and the fidelity will be bound
at F (ρ0, (1/2)(Iˆ + 0.3Zˆ)) = 0.918 for this particular ρ0.
In order to obtain the quality of the estimate that is
independent of the initial states, we simulate the estima-
tion using 10 randomly chosen initial states. For each
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2⇡/T
<latexit sha1_base64="QP8uUjOLNoHSRgVhMVoIZaagxyA=">AAAHz3iclZVNb9MwGMe9AcsYL9vgyMXahoREVZJKiO6CJnYYSBw2tHbtmmpyHLc1y5sSh yW1grhy4wonvgOfhm+Dk2yM1cZqLSWyHv/985OfItmJPJow0/y9tHzr9p0VY/Xu2r37Dx6ub2w+6iZhGmPSwaEXxj0HJcSjAekwyjzSi2KCfMcjJ875frl+8onECQ2DY5ZHZOijcUBHFCMmSt2WHdEXx2cb22bTtMzdVhvKE6tpVmN7b8t+/hMAcHi2ufLLdkOc+iRg2ENJMrDMiA05ihnFHinW7DQhEcLnaEwGYhognyRDXr VbwKei4sJRGIsnYLCq/ruDIz9Jct8RSR+xSTK7VhaVa44/czIbtYecBlHKSIDrg0epB1kISxfQpTHBzMvFBOGYit4hnqAYYSaM3SBnVZON6s0cTxzjkpFQXhX4ezqesA/ELXg8dgpuNczmbvm8nMkdxCgv+Lh6m8327HKF2c9RcMkRkXbDaliqWJ94Xvj3vPLEtip2EBNyTatyUle67gNyIUKpH5S+OCr4a27XhZm9BZbSjjp dd67Iu+p89QnXcd9HgcvtkNKC24xkrIoOSqlDbhZ8h9sTxOC7Atoho+K3g1eFnUJiZIsxeipGvhijr2JMF2OcKhiZ3kdvHh+Z3ofEUPnI9D4khspHpvchMVQ+cr2P/jw+cr0PiaHyket9SAyVj1zvQ2KofEz1Pk7n8THV+5AYKh9TvQ+JofIx1fuQGLWPNXHNXd1l8P+TbqtpmU3rSNx3b0A9VsETsAWeAQu8AnvgLTgEHYDB R/ANfAc/jCPjwvhsfKmjy0uXex6DG8P4+ge53Ncu</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPis KRWEFduHLjA1+DT7NvgJBtjtbFaS4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7W/aLHxed/OB0c+237YYo9XFAkQeTZGiZER0xGFOCPFw07DTBEURncIKHfBpAHycjVr Vb6M94xdXHYcyfgOpV9d8dDPpJkvsOT/qQTpP5tbIoXXP8uZPpuD1iJIhSigNUHzxOPZ2GeulCd0mMEfVyPoEoJrx3HU1hDBHlxm6Qs6rJZvWmjsePcfGYK68K7AOZTOlH7BYsnjgFs5qmsVs+r+Zy+zHMCzap3qbRnl+uMHs5DC45PNJuWk1LFhtgzwv/nlee2JbF9mOMr2lVTuhK1X2Az3ko9YPSF4MFe8PsujC3t0BC2pG n684leVeerz7hOu77MHCZHRJSMJvijFbRYSl1xMyC7TB7Cqn+vtDtkBL+2+lXhZ1CYGTLMfoyRr4cYyBjzJZjnEgYmdpHfxEfmdqHwJD5yNQ+BIbMR6b2ITBkPnK1j8EiPnK1D4Eh85GrfQgMmY9c7UNgyHzM1D5OFvExU/sQGDIfM7UPgSHzMVP7EBi1jwa/5q7uMv3/k17LsEzDOuT33VtQj3XwFGyB58ACr0EHvAMHoAsQ +AS+g5/gl3aonWtftK91dHXlcs8TcGNo3/4AuhnYtA==</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPis KRWEFduHLjA1+DT7NvgJBtjtbFaS4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7W/aLHxed/OB0c+237YYo9XFAkQeTZGiZER0xGFOCPFw07DTBEURncIKHfBpAHycjVr Vb6M94xdXHYcyfgOpV9d8dDPpJkvsOT/qQTpP5tbIoXXP8uZPpuD1iJIhSigNUHzxOPZ2GeulCd0mMEfVyPoEoJrx3HU1hDBHlxm6Qs6rJZvWmjsePcfGYK68K7AOZTOlH7BYsnjgFs5qmsVs+r+Zy+zHMCzap3qbRnl+uMHs5DC45PNJuWk1LFhtgzwv/nlee2JbF9mOMr2lVTuhK1X2Az3ko9YPSF4MFe8PsujC3t0BC2pG n684leVeerz7hOu77MHCZHRJSMJvijFbRYSl1xMyC7TB7Cqn+vtDtkBL+2+lXhZ1CYGTLMfoyRr4cYyBjzJZjnEgYmdpHfxEfmdqHwJD5yNQ+BIbMR6b2ITBkPnK1j8EiPnK1D4Eh85GrfQgMmY9c7UNgyHzM1D5OFvExU/sQGDIfM7UPgSHzMVP7EBi1jwa/5q7uMv3/k17LsEzDOuT33VtQj3XwFGyB58ACr0EHvAMHoAsQ +AS+g5/gl3aonWtftK91dHXlcs8TcGNo3/4AuhnYtA==</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPis KRWEFduHLjA1+DT7NvgJBtjtbFaS4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7W/aLHxed/OB0c+237YYo9XFAkQeTZGiZER0xGFOCPFw07DTBEURncIKHfBpAHycjVr Vb6M94xdXHYcyfgOpV9d8dDPpJkvsOT/qQTpP5tbIoXXP8uZPpuD1iJIhSigNUHzxOPZ2GeulCd0mMEfVyPoEoJrx3HU1hDBHlxm6Qs6rJZvWmjsePcfGYK68K7AOZTOlH7BYsnjgFs5qmsVs+r+Zy+zHMCzap3qbRnl+uMHs5DC45PNJuWk1LFhtgzwv/nlee2JbF9mOMr2lVTuhK1X2Az3ko9YPSF4MFe8PsujC3t0BC2pG n684leVeerz7hOu77MHCZHRJSMJvijFbRYSl1xMyC7TB7Cqn+vtDtkBL+2+lXhZ1CYGTLMfoyRr4cYyBjzJZjnEgYmdpHfxEfmdqHwJD5yNQ+BIbMR6b2ITBkPnK1j8EiPnK1D4Eh85GrfQgMmY9c7UNgyHzM1D5OFvExU/sQGDIfM7UPgSHzMVP7EBi1jwa/5q7uMv3/k17LsEzDOuT33VtQj3XwFGyB58ACr0EHvAMHoAsQ +AS+g5/gl3aonWtftK91dHXlcs8TcGNo3/4AuhnYtA==</latexit><latexit sha1_base64="BtoQftXC52TUi9a+c9C5aJGLM2Q=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoSlKB1l5QxQ4DicOG1q7dUk2O47ZmeVPis KRWEFduHLjA1+DT7NvgJN3GastqLSWyHv/985OfItkOXRJTw7hcWb1z996atn6/9uDho8dPNjaf9uIgiRDuosANor4NY+wSH3cpoS7uhxGGnu3iY/t8r1g//oqjmAT+Ec1CPPTg2CcjgiDlpV7TCsnro7ONbaNhmEa72dLFidkwyrHd2bJe/brsZAdnm2t/LSdAiYd9ilwYx6emEdIhgxElyMV5zUpiHEJ0Dsf4lE996OF4yM p2c/0Frzj6KIj441O9rP6/g0EvjjPP5kkP0kk8v1YUpWu2N3cyHbWGjPhhQrGPqoNHiavTQC9c6A6JMKJuxicQRYT3rqMJjCCi3Ngtclo2WS/f1Hb5MQ4eceVlgX0i4wn9jJ2cRWM7Z2bdaLSL5+1cbj+CWc7G5dtotOaXS8xeBv0Zh0dadbNuymID7LrB9XnFiS1ZbD/C+IZW5oSuVN37+IKHEs8vfDGYs3fMqgpze3MkpG1 5uupcknfk+fITbuKeB32HWQEhObMoTmkZPS2kDpmRsx1mTSDVP+a6FVDCfzv9qrCTC4x0OUZfxsiWYwxkjOlyjBMJI1X76C/iI1X7EBgyH6nah8CQ+UjVPgSGzEem9jFYxEem9iEwZD4ytQ+BIfORqX0IDJmPqdrHySI+pmofAkPmY6r2ITBkPqZqHwKj8lHj19zVXcZvtzYfu29mk7Z5fc31mg3TaJiH/L57D6qxDp6DLfAS mGAXdMAHcAC6AIEv4Cf4Df5oh9qF9k37XkVXV2Z7noFbQ/vxD9+L2Q8=</latexit><latexit sha1_base64="jvN1QB5oo3+/mN5cS2VDzPrIb+w=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqklSgtRc0scNA4rChtWvXVJPjuK2Z86LEY UmtIK7cuMLX4NPwbXDSbmO1Za2WElmP//75yU+R7EaUJMyy/q6t37l7b8PYvF978PDR4ydb2097SZjGCHdRSMO478IEUxLgLiOM4n4UY+i7FJ+45/vl+slXHCckDI5ZHuGRDycBGRMEmSj1Wk5EXh+fbdWtpmVbnVbblCd206pGHSzG4dn2xh/HC1Hq44AhCpNkaFsRG3EYM4IoLmpOmuAIonM4wUMxDaCPkxGv2i3Ml6Lime MwFk/AzKr6/w4O/STJfVckfcimyfJaWVSuuf7SyWzcHnESRCnDAZofPE6pyUKzdGF6JMaI0VxMIIqJ6N1EUxhDxISxG+SsarJRvZlLxTEeHgvlVYF/IpMp+4y9gscTt+B2w2p2yuftUu4ghnnBJ9XbaraXlyvMfg6DBUdE2g27YatiA0xpeHVeeWJbFTuIMb6mVTmpK133Ab4QodQPSl8cFvwdd+aFpb0FktKuOj3vXJH31Pn qE67jvg8DjzshIQV3GM5YFR2WUkfcKvgOd6aQmR8L0wkZEb+deVnYKSRGthqjr2LkqzEGKsZsNcapgpHpffRv4yPT+5AYKh+Z3ofEUPnI9D4khspHrvcxuI2PXO9DYqh85HofEkPlI9f7kBgqHzO9j9Pb+JjpfUgMlY+Z3ofEUPmY6X1IjLmPmrjmLu8ycbt1xNh9s5h07Ktrrtdq2lbTPrLqe+8XF94meA5egFfABrtgD3wA h6ALEPgCfoJf4LdxZFwY34zv8+j62mLPM3BjGD/+AcRW1gA=</latexit>
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<latexit sha1_base64="DGONSHB+bu/ixCGuL1IscPQKlZY=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhIbol27p Zocx03N8qbEYUmtoF25cYWvwYfgM/BtcJKNsdpYraVE1uO/f8/TnyrFiX2SUtP8vbR84+atFW31duvO3Xv3H6ytP+ynUZYg3EORHyUDB6bYJyHuUUJ9PIgTDAPHx4fO6W51fvgZJymJwo+0iPEogF5IxgRBykt9+32APXiy1jYN0zK3N7u6uLEMs17tV79aL84BAPsn6ys/bTdCWYBDinyYpse WGdMRgwklyMdly85SHEN0Cj18zLchDHA6YvW4pf6UV1x9HCX8CaleV/+9wWCQpkXg8GQA6SSdPauK0jMnmOlMx90RI2GcURyipvE483Ua6ZUL3SUJRtQv+AaihPDZdTSBCUSUG7tGzushO/WbOj5v4+IxV14X2DviTegH7JYs8ZySWR3T2K6erZncXgKLknn12zS6s8c1ZreA4QWHR7odq2PJY kPs+9HfflXHriy2l2B8RatzwlSq6UN8xkNZEFa+GCzZS2Y3hZm7JRLSjjzdTC7Ju/J8/ROu4kEAQ5fZESElsynOaR09rqSOmFmyDWZPINXflrodUcL/dvplYaMUGPlijIGMUSzGGMoY08UYRxJGrvYxmMdHrvYhMGQ+crUPgSHzkat9CAyZj0LtYziPj0LtQ2DIfBRqHwJD5qNQ+xAYMh9TtY+ jeXxM1T4EhszHVO1DYMh8TNU+BEbjo8U/c5ffMv3/m/6mYZmGdWC2d16DZq2Cx+AJeAYs8BzsgDdgH/QAAp/AN/Ad/NAOtDPti3beRJeXLu48AteW9vUPSO/XzQ==</latexit><latexit sha1_base64="Wb3hpXsUF0/Xp1r0wgzVCoJlssU=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmE6A7AxA4DCYkN0a7dU k2O46ZmeVPisKRWEFduXOHKR+BD8BEQ3wYn2RirjdVaSmQ9/vv3PP2pUpzYJyk1zd9Ly1euXlvRVq+3bty8dfvO2vrdfhplCcI9FPlRMnBgin0S4h4l1MeDOMEwcHx84JzsVOcHH3CSkih8R4sYjwLohWRMEKS81LffBNiDx2tt0zAtc2uzq4sbyzDr1X7+s/U0/v6rtXe8vvLDdiOUBTikyId pemSZMR0xmFCCfFy27CzFMUQn0MNHfBvCAKcjVo9b6g95xdXHUcKfkOp19d8bDAZpWgQOTwaQTtLZs6ooPXOCmc503B0xEsYZxSFqGo8zX6eRXrnQXZJgRP2CbyBKCJ9dRxOYQES5sUvkvB6yU7+p4/M2Lh5z5XWBvSbehL7FbskSzymZ1TGNrep5PJPbTWBRMq9+m0Z39rjG7BQwPOPwSLdjd SxZbIh9P/rbr+rYlcV2E4wvaHVOmEo1fYhPeSgLwsoXgyV7xuymMHO3RELakaebySV5V56vf8JFPAhg6DI7IqRkNsU5raNHldQRM0u2wewJpPqrUrcjSvjfTj8vbJQCI1+MMZAxisUYQxljuhjjUMLI1T4G8/jI1T4EhsxHrvYhMGQ+crUPgSHzUah9DOfxUah9CAyZj0LtQ2DIfBRqHwJD5mO q9nE4j4+p2ofAkPmYqn0IDJmPqdqHwGh8tPhn7vxbpv9/0980LNOw9s329gvQrFVwHzwAj4AFnoBt8BLsgR5A4D34Ar6Cb9q+dqp91D410eWlszv3wKWlff4Dx17ZQQ==</latexit><latexit sha1_base64="Wb3hpXsUF0/Xp1r0wgzVCoJlssU=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmE6A7AxA4DCYkN0a7dU k2O46ZmeVPisKRWEFduXOHKR+BD8BEQ3wYn2RirjdVaSmQ9/vv3PP2pUpzYJyk1zd9Ly1euXlvRVq+3bty8dfvO2vrdfhplCcI9FPlRMnBgin0S4h4l1MeDOMEwcHx84JzsVOcHH3CSkih8R4sYjwLohWRMEKS81LffBNiDx2tt0zAtc2uzq4sbyzDr1X7+s/U0/v6rtXe8vvLDdiOUBTikyId pemSZMR0xmFCCfFy27CzFMUQn0MNHfBvCAKcjVo9b6g95xdXHUcKfkOp19d8bDAZpWgQOTwaQTtLZs6ooPXOCmc503B0xEsYZxSFqGo8zX6eRXrnQXZJgRP2CbyBKCJ9dRxOYQES5sUvkvB6yU7+p4/M2Lh5z5XWBvSbehL7FbskSzymZ1TGNrep5PJPbTWBRMq9+m0Z39rjG7BQwPOPwSLdjd SxZbIh9P/rbr+rYlcV2E4wvaHVOmEo1fYhPeSgLwsoXgyV7xuymMHO3RELakaebySV5V56vf8JFPAhg6DI7IqRkNsU5raNHldQRM0u2wewJpPqrUrcjSvjfTj8vbJQCI1+MMZAxisUYQxljuhjjUMLI1T4G8/jI1T4EhsxHrvYhMGQ+crUPgSHzUah9DOfxUah9CAyZj0LtQ2DIfBRqHwJD5mO q9nE4j4+p2ofAkPmYqn0IDJmPqdqHwGh8tPhn7vxbpv9/0980LNOw9s329gvQrFVwHzwAj4AFnoBt8BLsgR5A4D34Ar6Cb9q+dqp91D410eWlszv3wKWlff4Dx17ZQQ==</latexit><latexit sha1_base64="Wb3hpXsUF0/Xp1r0wgzVCoJlssU=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmE6A7AxA4DCYkN0a7dU k2O46ZmeVPisKRWEFduXOHKR+BD8BEQ3wYn2RirjdVaSmQ9/vv3PP2pUpzYJyk1zd9Ly1euXlvRVq+3bty8dfvO2vrdfhplCcI9FPlRMnBgin0S4h4l1MeDOMEwcHx84JzsVOcHH3CSkih8R4sYjwLohWRMEKS81LffBNiDx2tt0zAtc2uzq4sbyzDr1X7+s/U0/v6rtXe8vvLDdiOUBTikyId pemSZMR0xmFCCfFy27CzFMUQn0MNHfBvCAKcjVo9b6g95xdXHUcKfkOp19d8bDAZpWgQOTwaQTtLZs6ooPXOCmc503B0xEsYZxSFqGo8zX6eRXrnQXZJgRP2CbyBKCJ9dRxOYQES5sUvkvB6yU7+p4/M2Lh5z5XWBvSbehL7FbskSzymZ1TGNrep5PJPbTWBRMq9+m0Z39rjG7BQwPOPwSLdjd SxZbIh9P/rbr+rYlcV2E4wvaHVOmEo1fYhPeSgLwsoXgyV7xuymMHO3RELakaebySV5V56vf8JFPAhg6DI7IqRkNsU5raNHldQRM0u2wewJpPqrUrcjSvjfTj8vbJQCI1+MMZAxisUYQxljuhjjUMLI1T4G8/jI1T4EhsxHrvYhMGQ+crUPgSHzUah9DOfxUah9CAyZj0LtQ2DIfBRqHwJD5mO q9nE4j4+p2ofAkPmYqn0IDJmPqdqHwGh8tPhn7vxbpv9/0980LNOw9s329gvQrFVwHzwAj4AFnoBt8BLsgR5A4D34Ar6Cb9q+dqp91D410eWlszv3wKWlff4Dx17ZQQ==</latexit><latexit sha1_base64="LvB+CE6IxtqvmOP/50G3h/3zDUY=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKplAaw/AxA4DCYkN0a5dU 02O46ZmeVPisqRWEFduXOHKR+BD8BEQ3wYn6TZWW1ZrKZH1+O+fn/wUyXbkkYQaxt+V1WvXb6xp6zdrt27fuXtvY/N+NwknMcIdFHph3LNhgj0S4A4l1MO9KMbQtz18ZJ/uFetHn3CckDD4QLMID33oBmREEKS81LXe+diFJxt1o2mYRnu7pYsTs2mUo/7yd+159PNP7eBkc+2X5YRo4uOAIg8 mycA0IjpkMKYEeTivWZMERxCdQhcP+DSAPk6GrGw31x/ziqOPwpg/AdXL6v87GPSTJPNtnvQhHSfza0VRumb7cyfTUWvISBBNKA5QdfBo4uk01AsXukNijKiX8QlEMeG962gMY4goN3aFnJZNNso3tT1+jINHXHlZYG+JO6bvsZOz2LVzZjaMZrt4ns3l9mOY5cwt30azNb9cYvYyGMw4PNJqm A1TFutjzwsvzitObMli+zHGl7QyJ3Sl6j7AZzw08YPCF4M5e8GsqjC3N0dC2panq84leUeeLz/hMu77MHCYFRKSM4vilJbRQSF1yIycbTFrDKn+JtetkBL+2+nnha1cYKTLMXoyRrYcoy9jTJdjHEsYqdpHbxEfqdqHwJD5SNU+BIbMR6r2ITBkPjK1j/4iPjK1D4Eh85GpfQgMmY9M7UNgyHx M1T6OF/ExVfsQGDIfU7UPgSHzMVX7EBiVjxq/5s7vMn67tfnYeTqbtM2La6673TSNpnlo1HdfgWqsg4fgEXgCTLADdsFrcAA6AIGP4Bv4Dn5oh9qZ9ln7UkVXV2Z7HoArQ/v6D+zQ2Zw=</latexit><latexit sha1_base64="LV7qAs5xGzBHXpPIt1MqSFENlhM=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmG1l7QxA4DCYkN0a5dU 02O46ZmeVPisKRWEFduXOFr8Gn4Njhpt7HaslpLiazHf//85KdIdmKfpNQ0/66t37l7b0PbvN948PDR4ydb2097aZQlCHdR5EdJ34Ep9kmIu5RQH/fjBMPA8fGpc3FYrZ9+xUlKovAzLWI8CqAXkjFBkPJSz/4YYA+ebzVNw7TMzm5bFyeWYdajCebj+Hx744/tRigLcEiRD9N0aJkxHTGYUIJ 8XDbsLMUxRBfQw0M+DWGA0xGr2y31l7zi6uMo4U9I9br6/w4GgzQtAocnA0gn6eJaVZSuOcHCyXTcHjESxhnFIZodPM58nUZ65UJ3SYIR9Qs+gSghvHcdTWACEeXGbpHzuslW/aaOz49x8ZgrrwvsA/Em9BN2S5Z4Tsmslml0quf1Qu4ogUXJvPptGu3F5RpzWMBwzuGRdstqWbLYAPt+dH1ed WJbFjtKML6h1TmhK1X3Ib7koSwIK18MluwNs2eFhb0lEtKOPD3rXJJ35fn6E27iQQBDl9kRISWzKc5pHR1WUkfMLNkOsyeQ6u9L3Y4o4b+dflXYKQVGvhqjL2MUqzEGMsZ0NcaZhJGrffSX8ZGrfQgMmY9c7UNgyHzkah8CQ+ajUPsYLOOjUPsQGDIfhdqHwJD5KNQ+BIbMx1Tt42wZH1O1D4E h8zFV+xAYMh9TtQ+BMfPR4Nfc1V3Gb7cOH/t780nHur7meruGZRrWidk8eDu/8DbBc/ACvAIW2AcH4B04Bl2AwBfwE/wCv7UT7VL7pn2fRdfX5nuegVtD+/EPZorWWw==</latexit>
2⇡/T
<latexit sha1_base64="QP8uUjOLNoHSRgVhMVoIZaagxyA=">AAAHz3iclZVNb9MwGMe9AcsYL9vgyMXahoREVZJKiO6CJnYYSBw2tHbtmmpyHLc1y5sShyW1grhy4wonvgOfhm+Dk2yM1cZq LSWyHv/985OfItmJPJow0/y9tHzr9p0VY/Xu2r37Dx6ub2w+6iZhGmPSwaEXxj0HJcSjAekwyjzSi2KCfMcjJ875frl+8onECQ2DY5ZHZOijcUBHFCMmSt2WHdEXx2cb22bTtMzdVhvKE6tpVmN7b8t+/hMAcHi2ufLLdkOc+iRg2ENJMrDMiA05ihnFHinW7DQhEcLnaEwGYhognyRDXrVbwKei4sJRGIsnYLCq/ruDIz9Jct8RSR+xSTK7VhaVa44/czIbtYecBlHKSIDrg0epB1kISxfQpTHBzMv FBOGYit4hnqAYYSaM3SBnVZON6s0cTxzjkpFQXhX4ezqesA/ELXg8dgpuNczmbvm8nMkdxCgv+Lh6m8327HKF2c9RcMkRkXbDaliqWJ94Xvj3vPLEtip2EBNyTatyUle67gNyIUKpH5S+OCr4a27XhZm9BZbSjjpdd67Iu+p89QnXcd9HgcvtkNKC24xkrIoOSqlDbhZ8h9sTxOC7Atoho+K3g1eFnUJiZIsxeipGvhijr2JMF2OcKhiZ3kdvHh+Z3ofEUPnI9D4khspHpvchMVQ+cr2P/jw+cr0Pia Hyket9SAyVj1zvQ2KofEz1Pk7n8THV+5AYKh9TvQ+JofIx1fuQGLWPNXHNXd1l8P+TbqtpmU3rSNx3b0A9VsETsAWeAQu8AnvgLTgEHYDBR/ANfAc/jCPjwvhsfKmjy0uXex6DG8P4+ge53Ncu</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPisKRWEFduHLjA1+DT7NvgJBtjtbFa S4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7W/aLHxed/OB0c+237YYo9XFAkQeTZGiZER0xGFOCPFw07DTBEURncIKHfBpAHycjVrVb6M94xdXHYcyfgOpV9d8dDPpJkvsOT/qQTpP5tbIoXXP8uZPpuD1iJIhSigNUHzxOPZ2GeulCd0mMEfV yPoEoJrx3HU1hDBHlxm6Qs6rJZvWmjsePcfGYK68K7AOZTOlH7BYsnjgFs5qmsVs+r+Zy+zHMCzap3qbRnl+uMHs5DC45PNJuWk1LFhtgzwv/nlee2JbF9mOMr2lVTuhK1X2Az3ko9YPSF4MFe8PsujC3t0BC2pGn684leVeerz7hOu77MHCZHRJSMJvijFbRYSl1xMyC7TB7Cqn+vtDtkBL+2+lXhZ1CYGTLMfoyRr4cYyBjzJZjnEgYmdpHfxEfmdqHwJD5yNQ+BIbMR6b2ITBkPnK1j8EiPnK1D4 Eh85GrfQgMmY9c7UNgyHzM1D5OFvExU/sQGDIfM7UPgSHzMVP7EBi1jwa/5q7uMv3/k17LsEzDOuT33VtQj3XwFGyB58ACr0EHvAMHoAsQ+AS+g5/gl3aonWtftK91dHXlcs8TcGNo3/4AuhnYtA==</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPisKRWEFduHLjA1+DT7NvgJBtjtbFa S4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7W/aLHxed/OB0c+237YYo9XFAkQeTZGiZER0xGFOCPFw07DTBEURncIKHfBpAHycjVrVb6M94xdXHYcyfgOpV9d8dDPpJkvsOT/qQTpP5tbIoXXP8uZPpuD1iJIhSigNUHzxOPZ2GeulCd0mMEfV yPoEoJrx3HU1hDBHlxm6Qs6rJZvWmjsePcfGYK68K7AOZTOlH7BYsnjgFs5qmsVs+r+Zy+zHMCzap3qbRnl+uMHs5DC45PNJuWk1LFhtgzwv/nlee2JbF9mOMr2lVTuhK1X2Az3ko9YPSF4MFe8PsujC3t0BC2pGn684leVeerz7hOu77MHCZHRJSMJvijFbRYSl1xMyC7TB7Cqn+vtDtkBL+2+lXhZ1CYGTLMfoyRr4cYyBjzJZjnEgYmdpHfxEfmdqHwJD5yNQ+BIbMR6b2ITBkPnK1j8EiPnK1D4 Eh85GrfQgMmY9c7UNgyHzM1D5OFvExU/sQGDIfM7UPgSHzMVP7EBi1jwa/5q7uMv3/k17LsEzDOuT33VtQj3XwFGyB58ACr0EHvAMHoAsQ+AS+g5/gl3aonWtftK91dHXlcs8TcGNo3/4AuhnYtA==</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPisKRWEFduHLjA1+DT7NvgJBtjtbFa S4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7W/aLHxed/OB0c+237YYo9XFAkQeTZGiZER0xGFOCPFw07DTBEURncIKHfBpAHycjVrVb6M94xdXHYcyfgOpV9d8dDPpJkvsOT/qQTpP5tbIoXXP8uZPpuD1iJIhSigNUHzxOPZ2GeulCd0mMEfV yPoEoJrx3HU1hDBHlxm6Qs6rJZvWmjsePcfGYK68K7AOZTOlH7BYsnjgFs5qmsVs+r+Zy+zHMCzap3qbRnl+uMHs5DC45PNJuWk1LFhtgzwv/nlee2JbF9mOMr2lVTuhK1X2Az3ko9YPSF4MFe8PsujC3t0BC2pGn684leVeerz7hOu77MHCZHRJSMJvijFbRYSl1xMyC7TB7Cqn+vtDtkBL+2+lXhZ1CYGTLMfoyRr4cYyBjzJZjnEgYmdpHfxEfmdqHwJD5yNQ+BIbMR6b2ITBkPnK1j8EiPnK1D4 Eh85GrfQgMmY9c7UNgyHzM1D5OFvExU/sQGDIfM7UPgSHzMVP7EBi1jwa/5q7uMv3/k17LsEzDOuT33VtQj3XwFGyB58ACr0EHvAMHoAsQ+AS+g5/gl3aonWtftK91dHXlcs8TcGNo3/4AuhnYtA==</latexit><latexit sha1_base64="BtoQftXC52TUi9a+c9C5aJGLM2Q=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoSlKB1l5QxQ4DicOG1q7dUk2O47ZmeVPisKRWEFduHLjA1+DT7NvgJN3Gastq LSWyHv/985OfItkOXRJTw7hcWb1z996atn6/9uDho8dPNjaf9uIgiRDuosANor4NY+wSH3cpoS7uhxGGnu3iY/t8r1g//oqjmAT+Ec1CPPTg2CcjgiDlpV7TCsnro7ONbaNhmEa72dLFidkwyrHd2bJe/brsZAdnm2t/LSdAiYd9ilwYx6emEdIhgxElyMV5zUpiHEJ0Dsf4lE996OF4yMp2c/0Frzj6KIj441O9rP6/g0EvjjPP5kkP0kk8v1YUpWu2N3cyHbWGjPhhQrGPqoNHiavTQC9c6A6JMKJ uxicQRYT3rqMJjCCi3Ngtclo2WS/f1Hb5MQ4eceVlgX0i4wn9jJ2cRWM7Z2bdaLSL5+1cbj+CWc7G5dtotOaXS8xeBv0Zh0dadbNuymID7LrB9XnFiS1ZbD/C+IZW5oSuVN37+IKHEs8vfDGYs3fMqgpze3MkpG15uupcknfk+fITbuKeB32HWQEhObMoTmkZPS2kDpmRsx1mTSDVP+a6FVDCfzv9qrCTC4x0OUZfxsiWYwxkjOlyjBMJI1X76C/iI1X7EBgyH6nah8CQ+UjVPgSGzEem9jFYxEem9i EwZD4ytQ+BIfORqX0IDJmPqdrHySI+pmofAkPmY6r2ITBkPqZqHwKj8lHj19zVXcZvtzYfu29mk7Z5fc31mg3TaJiH/L57D6qxDp6DLfASmGAXdMAHcAC6AIEv4Cf4Df5oh9qF9k37XkVXV2Z7noFbQ/vxD9+L2Q8=</latexit><latexit sha1_base64="jvN1QB5oo3+/mN5cS2VDzPrIb+w=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqklSgtRc0scNA4rChtWvXVJPjuK2Z86LEYUmtIK7cuMLX4NPwbXDSbmO1Za2W ElmP//75yU+R7EaUJMyy/q6t37l7b8PYvF978PDR4ydb2097SZjGCHdRSMO478IEUxLgLiOM4n4UY+i7FJ+45/vl+slXHCckDI5ZHuGRDycBGRMEmSj1Wk5EXh+fbdWtpmVbnVbblCd206pGHSzG4dn2xh/HC1Hq44AhCpNkaFsRG3EYM4IoLmpOmuAIonM4wUMxDaCPkxGv2i3Ml6LimeMwFk/AzKr6/w4O/STJfVckfcimyfJaWVSuuf7SyWzcHnESRCnDAZofPE6pyUKzdGF6JMaI0VxMIIqJ6N1 EUxhDxISxG+SsarJRvZlLxTEeHgvlVYF/IpMp+4y9gscTt+B2w2p2yuftUu4ghnnBJ9XbaraXlyvMfg6DBUdE2g27YatiA0xpeHVeeWJbFTuIMb6mVTmpK133Ab4QodQPSl8cFvwdd+aFpb0FktKuOj3vXJH31PnqE67jvg8DjzshIQV3GM5YFR2WUkfcKvgOd6aQmR8L0wkZEb+deVnYKSRGthqjr2LkqzEGKsZsNcapgpHpffRv4yPT+5AYKh+Z3ofEUPnI9D4khspHrvcxuI2PXO9DYqh85HofEk PlI9f7kBgqHzO9j9Pb+JjpfUgMlY+Z3ofEUPmY6X1IjLmPmrjmLu8ycbt1xNh9s5h07Ktrrtdq2lbTPrLqe+8XF94meA5egFfABrtgD3wAh6ALEPgCfoJf4LdxZFwY34zv8+j62mLPM3BjGD/+AcRW1gA=</latexit>
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<latexit sha1_base64="DGONSHB+bu/ixCGuL1IscPQKlZY=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJk00R2AiR0GEhIbol27p Zocx03N8qbEYUmtoF25cYWvwYfgM/BtcJKNsdpYraVE1uO/f8/TnyrFiX2SUtP8vbR84+atFW31duvO3Xv3H6ytP+ynUZYg3EORHyUDB6bYJyHuUUJ9PIgTDAPHx4fO6W51fvgZJymJwo+0iPEogF5IxgRBykt9+32APXiy1jYN0zK3N7u6uLEMs17tV79aL84BAPsn6ys/bTdCWYBDinyYpse WGdMRgwklyMdly85SHEN0Cj18zLchDHA6YvW4pf6UV1x9HCX8CaleV/+9wWCQpkXg8GQA6SSdPauK0jMnmOlMx90RI2GcURyipvE483Ua6ZUL3SUJRtQv+AaihPDZdTSBCUSUG7tGzushO/WbOj5v4+IxV14X2DviTegH7JYs8ZySWR3T2K6erZncXgKLknn12zS6s8c1ZreA4QWHR7odq2PJY kPs+9HfflXHriy2l2B8RatzwlSq6UN8xkNZEFa+GCzZS2Y3hZm7JRLSjjzdTC7Ju/J8/ROu4kEAQ5fZESElsynOaR09rqSOmFmyDWZPINXflrodUcL/dvplYaMUGPlijIGMUSzGGMoY08UYRxJGrvYxmMdHrvYhMGQ+crUPgSHzkat9CAyZj0LtYziPj0LtQ2DIfBRqHwJD5qNQ+xAYMh9TtY+ jeXxM1T4EhszHVO1DYMh8TNU+BEbjo8U/c5ffMv3/m/6mYZmGdWC2d16DZq2Cx+AJeAYs8BzsgDdgH/QAAp/AN/Ad/NAOtDPti3beRJeXLu48AteW9vUPSO/XzQ==</latexit><latexit sha1_base64="Wb3hpXsUF0/Xp1r0wgzVCoJlssU=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmE6A7AxA4DCYkN0a7dU k2O46ZmeVPisKRWEFduXOHKR+BD8BEQ3wYn2RirjdVaSmQ9/vv3PP2pUpzYJyk1zd9Ly1euXlvRVq+3bty8dfvO2vrdfhplCcI9FPlRMnBgin0S4h4l1MeDOMEwcHx84JzsVOcHH3CSkih8R4sYjwLohWRMEKS81LffBNiDx2tt0zAtc2uzq4sbyzDr1X7+s/U0/v6rtXe8vvLDdiOUBTikyId pemSZMR0xmFCCfFy27CzFMUQn0MNHfBvCAKcjVo9b6g95xdXHUcKfkOp19d8bDAZpWgQOTwaQTtLZs6ooPXOCmc503B0xEsYZxSFqGo8zX6eRXrnQXZJgRP2CbyBKCJ9dRxOYQES5sUvkvB6yU7+p4/M2Lh5z5XWBvSbehL7FbskSzymZ1TGNrep5PJPbTWBRMq9+m0Z39rjG7BQwPOPwSLdjd SxZbIh9P/rbr+rYlcV2E4wvaHVOmEo1fYhPeSgLwsoXgyV7xuymMHO3RELakaebySV5V56vf8JFPAhg6DI7IqRkNsU5raNHldQRM0u2wewJpPqrUrcjSvjfTj8vbJQCI1+MMZAxisUYQxljuhjjUMLI1T4G8/jI1T4EhsxHrvYhMGQ+crUPgSHzUah9DOfxUah9CAyZj0LtQ2DIfBRqHwJD5mO q9nE4j4+p2ofAkPmYqn0IDJmPqdqHwGh8tPhn7vxbpv9/0980LNOw9s329gvQrFVwHzwAj4AFnoBt8BLsgR5A4D34Ar6Cb9q+dqp91D410eWlszv3wKWlff4Dx17ZQQ==</latexit><latexit sha1_base64="Wb3hpXsUF0/Xp1r0wgzVCoJlssU=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmE6A7AxA4DCYkN0a7dU k2O46ZmeVPisKRWEFduXOHKR+BD8BEQ3wYn2RirjdVaSmQ9/vv3PP2pUpzYJyk1zd9Ly1euXlvRVq+3bty8dfvO2vrdfhplCcI9FPlRMnBgin0S4h4l1MeDOMEwcHx84JzsVOcHH3CSkih8R4sYjwLohWRMEKS81LffBNiDx2tt0zAtc2uzq4sbyzDr1X7+s/U0/v6rtXe8vvLDdiOUBTikyId pemSZMR0xmFCCfFy27CzFMUQn0MNHfBvCAKcjVo9b6g95xdXHUcKfkOp19d8bDAZpWgQOTwaQTtLZs6ooPXOCmc503B0xEsYZxSFqGo8zX6eRXrnQXZJgRP2CbyBKCJ9dRxOYQES5sUvkvB6yU7+p4/M2Lh5z5XWBvSbehL7FbskSzymZ1TGNrep5PJPbTWBRMq9+m0Z39rjG7BQwPOPwSLdjd SxZbIh9P/rbr+rYlcV2E4wvaHVOmEo1fYhPeSgLwsoXgyV7xuymMHO3RELakaebySV5V56vf8JFPAhg6DI7IqRkNsU5raNHldQRM0u2wewJpPqrUrcjSvjfTj8vbJQCI1+MMZAxisUYQxljuhjjUMLI1T4G8/jI1T4EhsxHrvYhMGQ+crUPgSHzUah9DOfxUah9CAyZj0LtQ2DIfBRqHwJD5mO q9nE4j4+p2ofAkPmYqn0IDJmPqdqHwGh8tPhn7vxbpv9/0980LNOw9s329gvQrFVwHzwAj4AFnoBt8BLsgR5A4D34Ar6Cb9q+dqp91D410eWlszv3wKWlff4Dx17ZQQ==</latexit><latexit sha1_base64="Wb3hpXsUF0/Xp1r0wgzVCoJlssU=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmE6A7AxA4DCYkN0a7dU k2O46ZmeVPisKRWEFduXOHKR+BD8BEQ3wYn2RirjdVaSmQ9/vv3PP2pUpzYJyk1zd9Ly1euXlvRVq+3bty8dfvO2vrdfhplCcI9FPlRMnBgin0S4h4l1MeDOMEwcHx84JzsVOcHH3CSkih8R4sYjwLohWRMEKS81LffBNiDx2tt0zAtc2uzq4sbyzDr1X7+s/U0/v6rtXe8vvLDdiOUBTikyId pemSZMR0xmFCCfFy27CzFMUQn0MNHfBvCAKcjVo9b6g95xdXHUcKfkOp19d8bDAZpWgQOTwaQTtLZs6ooPXOCmc503B0xEsYZxSFqGo8zX6eRXrnQXZJgRP2CbyBKCJ9dRxOYQES5sUvkvB6yU7+p4/M2Lh5z5XWBvSbehL7FbskSzymZ1TGNrep5PJPbTWBRMq9+m0Z39rjG7BQwPOPwSLdjd SxZbIh9P/rbr+rYlcV2E4wvaHVOmEo1fYhPeSgLwsoXgyV7xuymMHO3RELakaebySV5V56vf8JFPAhg6DI7IqRkNsU5raNHldQRM0u2wewJpPqrUrcjSvjfTj8vbJQCI1+MMZAxisUYQxljuhjjUMLI1T4G8/jI1T4EhsxHrvYhMGQ+crUPgSHzUah9DOfxUah9CAyZj0LtQ2DIfBRqHwJD5mO q9nE4j4+p2ofAkPmYqn0IDJmPqdqHwGh8tPhn7vxbpv9/0980LNOw9s329gvQrFVwHzwAj4AFnoBt8BLsgR5A4D34Ar6Cb9q+dqp91D410eWlszv3wKWlff4Dx17ZQQ==</latexit><latexit sha1_base64="LvB+CE6IxtqvmOP/50G3h/3zDUY=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKplAaw/AxA4DCYkN0a5dU 02O46ZmeVPisqRWEFduXOHKR+BD8BEQ3wYn6TZWW1ZrKZH1+O+fn/wUyXbkkYQaxt+V1WvXb6xp6zdrt27fuXtvY/N+NwknMcIdFHph3LNhgj0S4A4l1MO9KMbQtz18ZJ/uFetHn3CckDD4QLMID33oBmREEKS81LXe+diFJxt1o2mYRnu7pYsTs2mUo/7yd+159PNP7eBkc+2X5YRo4uOAIg8 mycA0IjpkMKYEeTivWZMERxCdQhcP+DSAPk6GrGw31x/ziqOPwpg/AdXL6v87GPSTJPNtnvQhHSfza0VRumb7cyfTUWvISBBNKA5QdfBo4uk01AsXukNijKiX8QlEMeG962gMY4goN3aFnJZNNso3tT1+jINHXHlZYG+JO6bvsZOz2LVzZjaMZrt4ns3l9mOY5cwt30azNb9cYvYyGMw4PNJqm A1TFutjzwsvzitObMli+zHGl7QyJ3Sl6j7AZzw08YPCF4M5e8GsqjC3N0dC2panq84leUeeLz/hMu77MHCYFRKSM4vilJbRQSF1yIycbTFrDKn+JtetkBL+2+nnha1cYKTLMXoyRrYcoy9jTJdjHEsYqdpHbxEfqdqHwJD5SNU+BIbMR6r2ITBkPjK1j/4iPjK1D4Eh85GpfQgMmY9M7UNgyHx M1T6OF/ExVfsQGDIfU7UPgSHzMVX7EBiVjxq/5s7vMn67tfnYeTqbtM2La6673TSNpnlo1HdfgWqsg4fgEXgCTLADdsFrcAA6AIGP4Bv4Dn5oh9qZ9ln7UkVXV2Z7HoArQ/v6D+zQ2Zw=</latexit><latexit sha1_base64="LV7qAs5xGzBHXpPIt1MqSFENlhM=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqKJmG1l7QxA4DCYkN0a5dU 02O46ZmeVPisKRWEFduXOFr8Gn4Njhpt7HaslpLiazHf//85KdIdmKfpNQ0/66t37l7b0PbvN948PDR4ydb2097aZQlCHdR5EdJ34Ep9kmIu5RQH/fjBMPA8fGpc3FYrZ9+xUlKovAzLWI8CqAXkjFBkPJSz/4YYA+ebzVNw7TMzm5bFyeWYdajCebj+Hx744/tRigLcEiRD9N0aJkxHTGYUIJ 8XDbsLMUxRBfQw0M+DWGA0xGr2y31l7zi6uMo4U9I9br6/w4GgzQtAocnA0gn6eJaVZSuOcHCyXTcHjESxhnFIZodPM58nUZ65UJ3SYIR9Qs+gSghvHcdTWACEeXGbpHzuslW/aaOz49x8ZgrrwvsA/Em9BN2S5Z4Tsmslml0quf1Qu4ogUXJvPptGu3F5RpzWMBwzuGRdstqWbLYAPt+dH1ed WJbFjtKML6h1TmhK1X3Ib7koSwIK18MluwNs2eFhb0lEtKOPD3rXJJ35fn6E27iQQBDl9kRISWzKc5pHR1WUkfMLNkOsyeQ6u9L3Y4o4b+dflXYKQVGvhqjL2MUqzEGMsZ0NcaZhJGrffSX8ZGrfQgMmY9c7UNgyHzkah8CQ+ajUPsYLOOjUPsQGDIfhdqHwJD5KNQ+BIbMx1Tt42wZH1O1D4E h8zFV+xAYMh9TtQ+BMfPR4Nfc1V3Gb7cOH/t780nHur7meruGZRrWidk8eDu/8DbBc/ACvAIW2AcH4B04Bl2AwBfwE/wCv7UT7VL7pn2fRdfX5nuegVtD+/EPZorWWw==</latexit>
2⇡/T
<latexit sha1_base64="QP8uUjOLNoHSRgVhMVoIZaagxyA=">AAAHz3iclZVNb9MwGMe9AcsYL9vgyMXahoREVZJKiO6CJnYYSBw2tHbtmmpyHLc1y5sShyW1grhy4wonvgOfhm+Dk2yM1cZqLSWyHv/985OfItmJPJow0/y9tHzr9p0VY/Xu2r37Dx6ub2w+6iZhGmPSwaEXxj0HJcSjAekwyjzSi2KCfMcjJ875frl+8onECQ2DY5ZHZOijcUBHFCMmSt2WHdEXx2cb22bTtMzdVhvKE6tpVmN7 </ latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPisKRWEFduHLjA1+DT7NvgJBtjtbFaS4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7  ==</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPisKRWEFduHLjA1+DT7NvgJBtjtbFaS4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7  ==</latexit><latexit sha1_base64="zffwDbUJ1udbunsLLD0wdHG6WuQ=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoQlIJ0V1QxQ4DicOG1q5dU02O47ZmeVPisKRWEFduHLjA1+DT7NvgJBtjtbFaS4msx3///OSnSHYijyTUNC9WVm/dvrOmrd9t3Lv/4OGjjc3HvSRMY4S7KPTCuO/ABHskwF1KqIf7UYyh73j42DnbK9ePP+M4IWFwRPMIj3w4CciYIEh5qdeyI/Ly6HRj2zRMy9xttXVxYhlmNbY7  ==</latexit><latexit sha1_base64="BtoQftXC52TUi9a+c9C5aJGLM2Q=">AAAHz3iclZVNb9MwGMe9AcsobxscuUTbkJCoSlKB1l5QxQ4DicOG1q7dUk2O47ZmeVPisKRWEFduHLjA1+DT7NvgJN3GastqLSWyHv/985OfItkOXRJTw7hcWb1z996atn6/9uDho8dPNjaf9uIgiRDuosANor4NY+wSH3cpoS7uhxGGnu3iY/t8r1g//oqjmAT+Ec1CPPTg2CcjgiDlpV7TCsnro7ONbaNhmEa72dLFidkwyrHd  FbQ/vxD9+L2Q8=</latexit><latexit sha1_base64="jvN1QB5oo3+/mN5cS2VDzPrIb+w=">AAAHz3iclZVNb9MwGMe9AcsobxscuUR0SByqklSgtRc0scNA4rChtWvXVJPjuK2Z86LEYUmtIK7cuMLX4NPwbXDSbmO1Za2WElmP//75yU+R7EaUJMyy/q6t37l7b8PYvF978PDR4ydb2097SZjGCHdRSMO478IEUxLgLiOM4n4UY+i7FJ+45/vl+slXHCckDI5ZHuGRDycBGRMEmSj1Wk5EXh+fbdWtpmVbnVbblCd206pGHSzG  RW1gA=</latexit>
z = 0.3
x = -0.4
y = -0.6
0.999± 0.001
<latexit sha1_base64="Q3z4HjNqrsPFJiJDbJ2PxG2n7zk=">AAAH2niclZVNb9MwGMe9ActWXtbBkYvFhsShqpJJiPaCJnYYSBwGolu7piqO47bW8qbEgaRWLtwQVy6IK3wCPg3fBifZGKuN1VpKYj3+++enP1WyE3k0Yab5e239xs1bG8bmVuP2nbv3tps790+SMI0x6eHQC+O+gxLi0YD0GGUe6UcxQb7jkVPn/LBcP/1A4oSGwTuWR2Tko2lA  xFD5mOt9SAyVj7neh8SofTTENXd5l8H/T07225bZtt6I++4FqMcmeAgegSfAAs/AAXgJjkEPYJCC7+AH+GnYxifjs/Gljq6vXex5AK4N4+sf83PZaQ==</latexit><latexit sha1_base64="hu5Rv+KnKBG8mnSl9SZDnEBf7bE=">AAAH2niclZXNb9MwGIe9AetWPtbBkYvFhsShqpJJE+0FTewwkDgMRLd+pKocx22t5UuJA0mtXLghrlwQVzhz4K/hrwEn2RirjdVaSmK9/vnx20eVbIcujZlh/Fpbv3Hz1kZtc6t++87de9uNnfuncZBEmHRx4AZRz0YxcalPuowyl/TCiCDPdsmZfX5UrJ+9I1FMA/8ty0Iy8tDU  PiSGysdc70NiqHzM9T4kRuWjLq65y7sM/n9yut8yjZb5Wtx3z0E1NsFD8Ag8ASZ4Cg7BC3ACugCDBHwF38D3mlX7UPtY+1RF19cu9jwA10bt8x9LB9uJ</latexit><latexit sha1_base64="hu5Rv+KnKBG8mnSl9SZDnEBf7bE=">AAAH2niclZXNb9MwGIe9AetWPtbBkYvFhsShqpJJE+0FTewwkDgMRLd+pKocx22t5UuJA0mtXLghrlwQVzhz4K/hrwEn2RirjdVaSmK9/vnx20eVbIcujZlh/Fpbv3Hz1kZtc6t++87de9uNnfuncZBEmHRx4AZRz0YxcalPuowyl/TCiCDPdsmZfX5UrJ+9I1FMA/8ty0Iy8tDU  PiSGysdc70NiqHzM9T4kRuWjLq65y7sM/n9yut8yjZb5Wtx3z0E1NsFD8Ag8ASZ4Cg7BC3ACugCDBHwF38D3mlX7UPtY+1RF19cu9jwA10bt8x9LB9uJ</latexit><latexit sha1_base64="hu5Rv+KnKBG8mnSl9SZDnEBf7bE=">AAAH2niclZXNb9MwGIe9AetWPtbBkYvFhsShqpJJE+0FTewwkDgMRLd+pKocx22t5UuJA0mtXLghrlwQVzhz4K/hrwEn2RirjdVaSmK9/vnx20eVbIcujZlh/Fpbv3Hz1kZtc6t++87de9uNnfuncZBEmHRx4AZRz0YxcalPuowyl/TCiCDPdsmZfX5UrJ+9I1FMA/8ty0Iy8tDU  PiSGysdc70NiqHzM9T4kRuWjLq65y7sM/n9yut8yjZb5Wtx3z0E1NsFD8Ag8ASZ4Cg7BC3ACugCDBHwF38D3mlX7UPtY+1RF19cu9jwA10bt8x9LB9uJ</latexit><latexit sha1_base64="3CRYCB1y044YbHgMxPkiHd2gkF4=">AAAH2niclZXNb9MwGIe9AetWPtbBkYvFhsShqpJpaO0FTewwkDgMRLd+pKocx22t5UuJA0mtXLghrlwQVzhz4K/hrwEn7TZWW1ZrKYn1+ufHbx9Vsh26NGaG8Wdt/dbtOxuVza3q3Xv3H2zXdh6exUESYdLGgRtEHRvFxKU+aTPKXNIJI4I82yXn9sVxsX7+gUQxDfz3LAvJwENj  70NiqHxM9T4khsrHVO9DYsx8VMU1d3mXwfIGbB0ezCct8+qaO9tvmEbDfCvuu5dgNjbBY/AEPAMmOARH4BU4BW2AQQK+gx/gZ8WqfKp8rnyZRdfX5nsegRuj8vUfcHnb5A==</latexit><latexit sha1_base64="rcSIhRwROGyEJ4GKtYixmTfCLb4=">AAAH2niclZVNb9MwGMe9AcsoL+vgyMWiQ+JQVck0tPaCJnYYSBwGolu7pqocx22t5U2JA0mtXLghrty4wifg0/BtcNJuY7VltZaSWI///vnpT5XsRB5NmGn+3di8c/felrF9v/bg4aPHO/XdJ2dJmMaYdHHohXHPQQnxaEC6jDKP9KKYIN/xyLlzeVyun38mcULD4BPLIzL00SSg  fUgMlY+Z3ofEmPuoiWvu6i6D1Q3YOTxYTDrW9TV3tt+yzJb1wWwcvVlceNvgGXgOXgILHIIj8Bacgi7AIAU/wS/w27CNr8Y34/s8urmx2PMU3BrGj3/VSdgS</latexit>
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T = 0.25⌧
<latexit sha1_base64="rXlxnHvfeYJWftjJSJM+n6NUQKM=">AAAH1niclZVNb9MwGMe9AesobxscuVh0SByqyKk00R0GEzsMJA4DrVu7ppocx22t5aUkDiS1grggrt y4wmfgQ/AZ+DY46cZYbazVUiLr8d+/5+lPleJOfJZwhH4vLV+7fmOltnqzfuv2nbv31tbvHyZRGhPaIZEfxV0XJ9RnIe1wxn3ancQUB65Pj9zT3fL86D2NExaFBzyf0EGARyEbMoK5LA0O4DZEVmsTOhynJ2sNZCEbbbXaUN3YFqpW4/mv+vYnAMD+yfrKT8eLSBrQkBMfJ0nfRhM+EDjmjPi0qDtpQieYnOIR7cttiAOaDEQ1dQEfy4oHh1Esn5DD qvrvDYGDJMkDVyYDzMfJ/FlZ1J65wVxnPmwPBAsnKachmTUepj7kESyVQI/FlHA/lxtMYiZnh2SMY0y4FHeJnFVDNqs3d33ZxqNDab4qiNdsNOZvqVeIeOQWwm4ia6t8NudyezHOCzGq3shqzx9XmN0ch2ccGWk37aati/Wo70d/+5Ud27rYXkzpBa3KKVOZpg/pBxlKg7D0JXAhnglnVpi7WxAl7erTs8k1eU+fr37CRTwIcOgJJ2KsEA6nGa+i/VL qQKBCbAhnjDl8VUAn4kz+7eB5YaNQGNlijK6OkS/G6OkY08UYxxpGZvbRvYqPzOxDYeh8ZGYfCkPnIzP7UBg6H7nZR+8qPnKzD4Wh85GbfSgMnY/c7ENh6HxMzT6Or+JjavahMHQ+pmYfCkPnY2r2oTBmPuryM3f+LYP/3xy2LBtZ9hvU2HkBZmsVPASPwBNgg6dgB7wE+6ADCHgHvoHv4EetW/tY+1z7MosuL53deQAurdrXP5Cg2So=</latexit ><latexit sha1_base64="K4JBaoF11q5yz3v5Q/zfvMLWO4o=">AAAH1niclZVNb9MwGMe9AesoL9vgyMViQ+JQRU6lie4wmNhhIHEYaC/dlmpyHLe1ljcSB5Ja4Ya4cu MK4iPwIfgIiG+Dk26M1cZqLSWyHv/9e57+VClu7LOUI/R7bv7a9RsLjcWbzVu379xdWl65d5BGWULoPon8KOm6OKU+C+k+Z9yn3TihOHB9euiebVfnh+9okrIo3ONFTHsBHoSszwjmstTbg5sQWe116HCcnS6vIgvZaKPdgerGtlC9Vp/9bG7G3381d09XFn44XkSygIac+DhNT2wU857ACWfEp2XTyVIaY3KGB/REbkMc0LQn6qlL+EhWPNiPEvmE HNbVf28IHKRpEbgyGWA+TCfPqqL2zA0mOvN+pydYGGechmTcuJ/5kEewUgI9llDC/UJuMEmYnB2SIU4w4VLcFXJeD9mq39z1ZRuP9qX5uiBescGQv6FeKZKBWwq7hayN6lmfyO0kuCjFoH4jqzN5XGO2Cxyec2Sk07Jbti52RH0/+tuv6tjRxXYSSi9pdU6ZyjR9SN/LUBaElS+BS/FUOOPCxN2SKGlXnx5Prsl7+nz9Ey7jQYBDTzgRY6VwOM15HT2 ppPYEKsWacIaYw5cldCLO5N8OXhTWSoWRz8bo6hjFbIwjHWM0G+NYw8jNPrrT+MjNPhSGzkdu9qEwdD5ysw+FofNRmH0cTeOjMPtQGDofhdmHwtD5KMw+FIbOx8js43gaHyOzD4Wh8zEy+1AYOh8jsw+FMfbRlJ+5i28Z/P/moG3ZyLJfo9Wt52C8FsED8BA8BjZ4ArbAC7AL9gEBb8EX8BV8a3QbHxofG5/G0fm58zv3wZXV+PwHDx7ang==</lat exit><latexit sha1_base64="K4JBaoF11q5yz3v5Q/zfvMLWO4o=">AAAH1niclZVNb9MwGMe9AesoL9vgyMViQ+JQRU6lie4wmNhhIHEYaC/dlmpyHLe1ljcSB5Ja4Ya4cu MK4iPwIfgIiG+Dk26M1cZqLSWyHv/9e57+VClu7LOUI/R7bv7a9RsLjcWbzVu379xdWl65d5BGWULoPon8KOm6OKU+C+k+Z9yn3TihOHB9euiebVfnh+9okrIo3ONFTHsBHoSszwjmstTbg5sQWe116HCcnS6vIgvZaKPdgerGtlC9Vp/9bG7G3381d09XFn44XkSygIac+DhNT2wU857ACWfEp2XTyVIaY3KGB/REbkMc0LQn6qlL+EhWPNiPEvmE HNbVf28IHKRpEbgyGWA+TCfPqqL2zA0mOvN+pydYGGechmTcuJ/5kEewUgI9llDC/UJuMEmYnB2SIU4w4VLcFXJeD9mq39z1ZRuP9qX5uiBescGQv6FeKZKBWwq7hayN6lmfyO0kuCjFoH4jqzN5XGO2Cxyec2Sk07Jbti52RH0/+tuv6tjRxXYSSi9pdU6ZyjR9SN/LUBaElS+BS/FUOOPCxN2SKGlXnx5Prsl7+nz9Ey7jQYBDTzgRY6VwOM15HT2 ppPYEKsWacIaYw5cldCLO5N8OXhTWSoWRz8bo6hjFbIwjHWM0G+NYw8jNPrrT+MjNPhSGzkdu9qEwdD5ysw+FofNRmH0cTeOjMPtQGDofhdmHwtD5KMw+FIbOx8js43gaHyOzD4Wh8zEy+1AYOh8jsw+FMfbRlJ+5i28Z/P/moG3ZyLJfo9Wt52C8FsED8BA8BjZ4ArbAC7AL9gEBb8EX8BV8a3QbHxofG5/G0fm58zv3wZXV+PwHDx7ang==</lat exit><latexit sha1_base64="K4JBaoF11q5yz3v5Q/zfvMLWO4o=">AAAH1niclZVNb9MwGMe9AesoL9vgyMViQ+JQRU6lie4wmNhhIHEYaC/dlmpyHLe1ljcSB5Ja4Ya4cu MK4iPwIfgIiG+Dk26M1cZqLSWyHv/9e57+VClu7LOUI/R7bv7a9RsLjcWbzVu379xdWl65d5BGWULoPon8KOm6OKU+C+k+Z9yn3TihOHB9euiebVfnh+9okrIo3ONFTHsBHoSszwjmstTbg5sQWe116HCcnS6vIgvZaKPdgerGtlC9Vp/9bG7G3381d09XFn44XkSygIac+DhNT2wU857ACWfEp2XTyVIaY3KGB/REbkMc0LQn6qlL+EhWPNiPEvmE HNbVf28IHKRpEbgyGWA+TCfPqqL2zA0mOvN+pydYGGechmTcuJ/5kEewUgI9llDC/UJuMEmYnB2SIU4w4VLcFXJeD9mq39z1ZRuP9qX5uiBescGQv6FeKZKBWwq7hayN6lmfyO0kuCjFoH4jqzN5XGO2Cxyec2Sk07Jbti52RH0/+tuv6tjRxXYSSi9pdU6ZyjR9SN/LUBaElS+BS/FUOOPCxN2SKGlXnx5Prsl7+nz9Ey7jQYBDTzgRY6VwOM15HT2 ppPYEKsWacIaYw5cldCLO5N8OXhTWSoWRz8bo6hjFbIwjHWM0G+NYw8jNPrrT+MjNPhSGzkdu9qEwdD5ysw+FofNRmH0cTeOjMPtQGDofhdmHwtD5KMw+FIbOx8js43gaHyOzD4Wh8zEy+1AYOh8jsw+FMfbRlJ+5i28Z/P/moG3ZyLJfo9Wt52C8FsED8BA8BjZ4ArbAC7AL9gEBb8EX8BV8a3QbHxofG5/G0fm58zv3wZXV+PwHDx7ang==</lat exit><latexit sha1_base64="cwfhqKQoJR376iI0xRgCbMU2F1M=">AAAH1niclZVNb9MwGMe9AesobxscuVhsSByqyKk2rT0MJnYYSBwG2ku3pZocx22t5Y3EgaRWuCGu3L iC+Ah8CD4C4tvgpHthtWVtlhJZj//++clPkezGPks5Qn9nZm/cvDXXmL/dvHP33v0HC4sP99IoSwjdJZEfJT0Xp9RnId3ljPu0FycUB65P992TzWp9/wNNUhaFO7yIaT/Aw5ANGMFclvo7cB0iq70KHY6z44UlZCEbddsdqE5sC9Vj6cXv5nr8809z+3hx7pfjRSQLaMiJj9P0yEYx7wuccEZ8WjadLKUxJid4SI/kNMQBTfui7rqET2XFg4MokU/I YV39f4fAQZoWgSuTAeajdHqtKmrX3GDqZD7o9AUL44zTkEwOHmQ+5BGslECPJZRwv5ATTBIme4dkhBNMuBR3iZzXTbbqN3d9eYxHB9J8XRBv2HDE31GvFMnQLYXdQla3elanclsJLkoxrN/I6kwv15jNAoenHBnptOyWrYsdUN+Pzs+rTuzoYlsJpRe0Oqd0Zeo+pB9lKAvCypfApXgunElham9JlLSrT0861+Q9fb7+hIt4EODQE07EWCkcTnNeR48 qqX2BSrEsnBHm8HUJnYgz+dvBs8JyqTDy6zF6OkZxPcaBjjG+HuNQw8jNPnpX8ZGbfSgMnY/c7ENh6HzkZh8KQ+ejMPs4uIqPwuxDYeh8FGYfCkPnozD7UBg6H2Ozj8Or+BibfSgMnY+x2YfC0PkYm30ojImPprzmzu4yebt15VhbOZ107fNrbq9t2ciy36KljZdgMubBY/AEPAM2WAMb4BXYBruAgPfgG/gOfjR6jU+Nz40vk+jszOmeR+DSaHz9B zSQ2vk=</latexit><latexit sha1_base64="TKEQAQ7ujEyMKS2hDdCRfO1Nxyw=">AAAH1niclZVNb9MwGMe9AesobxscuVh0SByqyJmY1h5AEzsMJA4DrVu7ppocx22t5aUkDiS1wg1x5c YVPgOfhm+Dk3Ybqy1rtZTIevz3z09+imR34rOEI/R3ZfXW7TtrtfW79Xv3Hzx8tLH5+DiJ0pjQDon8KO66OKE+C2mHM+7T7iSmOHB9euKe75frJ59pnLAoPOL5hA4CPArZkBHMZWlwBF9BZG3vQIfj9GyjgSxko/Z2C6oT20LVaID5ODzbXPvjeBFJAxpy4uMk6dtowgcCx5wRnxZ1J03oBJNzPKJ9OQ1xQJOBqLou4HNZ8eAwiuUTclhV/98hcJAk eeDKZID5OFlcK4vaNTdYOJkPWwPBwknKaUhmBw9TH/IIlkqgx2JKuJ/LCSYxk71DMsYxJlyKu0bOqiab1Zu7vjzGo0NpviqI92w05h+pV4h45BbCbiKrXT47C7mDGOeFGFVvZLUWlyvMfo7DOUdGWk27aetiPer70eV55YktXewgpvSKVuWUrkzdh/SLDKVBWPoSuBCvhTMrLOwtiJJ29elZ55q8p89Xn3AVDwIcesKJGCuEw2nGq2i/lDoQqBBbwhl jDt8V0Ik4k78dvChsFQojW47R1THy5Rg9HWO6HONUw8jMPro38ZGZfSgMnY/M7ENh6HxkZh8KQ+cjN/vo3cRHbvahMHQ+crMPhaHzkZt9KAydj6nZx+lNfEzNPhSGzsfU7ENh6HxMzT4UxsxHXV5zF3eZvN3acuy+nE/a9uU1d7xt2ciyP6DG3pv5hbcOnoJn4AWwwS7YA2/BIegAAj6Bn+AX+F3r1r7WvtW+z6KrK/M9T8C1UfvxD64717g=</lat exit>
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(b) (c)
Average over 10 different  
initial states
For 3 different 
measurement strengths
(a)
T = ⌧
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FIG. 4. Estimated single-qubit coordinates and average fi-
delities for a fixed Rabi axis (θ = φ = pi/4) and different
values of the Rabi oscillation rate. (a) The Bayesian esti-
mates of x, y, and z coordinates of the unknown true state
ρ0 = (1/2)(Iˆ − 0.4Xˆ − 0.6Yˆ + 0.3Zˆ) using N = 5000. The
error bars of the estimates are calculated from the square root
of the trace of the Bayesian covariance matrix Eq. (16). (b)
Average fidelities for 100 simulated Bayesian estimators, for
different values of τ and Ω, where each estimator is computed
from N = 5000 measurement records. The test initial state is
the same as in (a). (c) Average fidelities for different initial
states chosen randomly (see Appendix C). At Ω = 2pi(1.5)/T ,
the average fidelity reads 0.999± 0.001.
one we calculate 100 sets of the Bayesian estimators, and
each estimator is calculated from N = 5000 measurement
records. The average fidelity is shown in the panel (c) of
Figure 4 with the error bars computed from the variance
of the average. The errors can be understood as com-
ing from within the same initial state (as seen in (b) for
example) and from different initial states. The average
fidelity reaches 0.999± 0.001 at Ω = 1.5× 2pi/T .
C. Remote-qubit state tomography
As the second application of our method, we consider
quantum state tomography for an unknown single qubit
that cannot be measured directly. Instead, the qubit in-
formation can only be accessed through an interaction
with another qubit. Let us assume that the interaction
between the two qubits is described by a Xˆ ⊗ Xˆ (capac-
itive) coupling term, and the possible controls are Rabi
drives applied locally on each qubit (see Figure 5(a)),
with fixed axes and oscillation rates. The two-qubit
Hamiltonian for this remote-qubit example (also for the
two-qubit example in the next section) is then given by,
Hˆ =
g
2
Xˆ ⊗ Xˆ + Ωa
2
(~na · ~ˆσ)⊗ Iˆ + Ωu
2
Iˆ ⊗ (~nu · ~ˆσ), (28)
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matrices Xˆ ⌦ Xˆ Xˆ ⌦ Iˆ Yˆ ⌦ Iˆ Zˆ ⌦ Iˆ Iˆ ⌦ Xˆ Iˆ ⌦ Yˆ Iˆ ⌦ Zˆ
Iˆ ⌦ Xˆ 0 0 0 0 0 Iˆ ⌦ Zˆ Iˆ ⌦ Yˆ
Iˆ ⌦ Yˆ Xˆ ⌦ Zˆ 0 0 0 Iˆ ⌦ Zˆ 0 Iˆ ⌦ Xˆ
Iˆ ⌦ Zˆ Xˆ ⌦ Yˆ 0 0 0 Iˆ ⌦ Yˆ Iˆ ⌦ Xˆ 0
Xˆ ⌦ Iˆ 0 0 Zˆ ⌦ Iˆ Yˆ ⌦ Iˆ 0 0 0
Xˆ ⌦ Xˆ 0 0 Zˆ ⌦ Xˆ Yˆ ⌦ Xˆ 0 Xˆ ⌦ Zˆ Xˆ ⌦ Yˆ
Xˆ ⌦ Yˆ Iˆ ⌦ Zˆ 0 Zˆ ⌦ Yˆ Yˆ ⌦ Yˆ Xˆ ⌦ Zˆ 0 Xˆ ⌦ Xˆ
Xˆ ⌦ Zˆ Iˆ ⌦ Yˆ 0 Zˆ ⌦ Zˆ Yˆ ⌦ Zˆ Xˆ ⌦ Yˆ Xˆ ⌦ Xˆ 0
Yˆ ⌦ Iˆ Zˆ ⌦ Xˆ Zˆ ⌦ Iˆ 0 Xˆ ⌦ Iˆ 0 0 0
Yˆ ⌦ Xˆ Zˆ ⌦ Iˆ Zˆ ⌦ Xˆ 0 Xˆ ⌦ Xˆ 0 Yˆ ⌦ Zˆ Yˆ ⌦ Yˆ
Yˆ ⌦ Yˆ 0 Zˆ ⌦ Yˆ 0 Xˆ ⌦ Yˆ Yˆ ⌦ Zˆ 0 Yˆ ⌦ Xˆ
Yˆ ⌦ Zˆ 0 Zˆ ⌦ Zˆ 0 Xˆ ⌦ Zˆ Yˆ ⌦ Yˆ Yˆ ⌦ Xˆ 0
Zˆ ⌦ Iˆ Yˆ ⌦ Xˆ Yˆ ⌦ Iˆ Xˆ ⌦ Iˆ 0 0 0 0
Zˆ ⌦ Xˆ Yˆ ⌦ Iˆ Yˆ ⌦ Xˆ Xˆ ⌦ Xˆ 0 0 Zˆ ⌦ Zˆ Zˆ ⌦ Yˆ
Zˆ ⌦ Yˆ 0 Yˆ ⌦ Yˆ Xˆ ⌦ Yˆ 0 Zˆ ⌦ Zˆ 0 Zˆ ⌦ Xˆ
Zˆ ⌦ Zˆ 0 Yˆ ⌦ Zˆ Xˆ ⌦ Zˆ 0 Zˆ ⌦ Yˆ Zˆ ⌦ Xˆ 0
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FIG. 5. Analysis of controls for the remote-qubit and two-qubit state tomography. (a) Schematic diagrams for the two-qubit
setup: qubits interact with each other via Xˆ ⊗ Xˆ coupling and Rabi controls are applied locally on each of the qubits. For
the remote-qubit tomography, the first qubit is known and acts as an ancilla qubit, while the second qubit is unknown. For
the two-qubit tomography, both qubits are unknown. (b) A commutator table shows the commutation relationships between
the 15 observables on the first column and 7 terms (terms that can be included in the Hamiltonian of the qubits, Eq. (28)) in
the first row. Any proportional complex constants are omitted. The colored solid boxes show four estimated observables given
that the control is in the 0+XYZ setting (see text). (c) Fisher information matrix elements (diagonal elements only) calculated
using g = Ω = 1.5× 2pi/T and τ = T/5. The colored axis labels in panel (c) are to emphasize the measured observable Zˆ ⊗ Iˆ
and the observable Yˆ ⊗ Xˆ of which its information gets transfer first via the qubit-qubit coupling.
where the first term describes the coupling between the
two qubits with a coupling strength g, and the rest is the
local Rabi oscillations with frequencies Ωa and Ωu, for the
ancilla qubit and the unknown qubit respectively. In this
remote-qubit protocol, we assume the first qubit (left one
in Fig. 5(a)) is a measured qubit with a known prepared
state, and the second (right) qubit is an unknown qubit.
In comparison to the single qubit tomography in the
previous subsection, one can think of the coupling as ef-
fectively reading out the Xˆ observable of the unknown
qubit, as the Xˆ component determines the rotation speed
around the x-axis of the ancilla qubit, which is then
mapped to the measured Zˆ component. Therefore, a
straightforward option for qubit controls is to set the
Rabi axis for the unknown qubit at θu = φu = pi/4, as
we found in the single qubit example, and then initialize
the ancilla qubit state at y0a = Tr(ρ0 Yˆ ⊗ Iˆ) = 1 with no
Rabi drive Ωa = 0.
We can see that this straightforward protocol works by
looking at the commutator table and the Fisher informa-
tion matrix elements shown in Fig 5(b) and (c), respec-
tively. If we choose the Rabi axis for the unknown qubit
to be in the direction described by θu = φu = pi/4 and no
oscillation on the ancilla qubit, then the Hamiltonian is
Hˆ = (g/2)Xˆ⊗Xˆ+(Ωu/4)
(
Iˆ ⊗ Xˆ + Iˆ ⊗ Yˆ +√2 Iˆ ⊗ Zˆ
)
.
Using the analysis described in Eq. (22) and (23), also ex-
plained in Figure 5 and its caption, we find that the state
components that can be transferred to the measured ob-
servable Zˆ ⊗ Iˆ via this unitary dynamics are: Yˆ ⊗ Xˆ,
Yˆ ⊗ Yˆ , and Yˆ ⊗ Zˆ. We can write diagrams to explain the
information transfer as,
Yˆ ⊗ Xˆ Xˆ⊗Xˆ−−−−→ Zˆ ⊗ Iˆ , (29)
Yˆ ⊗ Yˆ Iˆ⊗Zˆ−−−→ Yˆ ⊗ Xˆ Xˆ⊗Xˆ−−−−→ Zˆ ⊗ Iˆ , (30)
Yˆ ⊗ Zˆ Iˆ⊗Yˆ−−−→ Yˆ ⊗ Xˆ Xˆ⊗Xˆ−−−−→ Zˆ ⊗ Iˆ , (31)
which can be interpreted as: the Yˆ ⊗Xˆ component of the
qubits is transferred to the measured Zˆ ⊗ Iˆ component
via the Xˆ ⊗ Xˆ coupling, and the component of Yˆ ⊗ Yˆ
(or Yˆ ⊗ Zˆ) is transferred to Zˆ ⊗ Iˆ via the control term
Iˆ ⊗ Zˆ (or Iˆ ⊗ Yˆ ) as well as the coupling term. These
three observables Yˆ ⊗ Xˆ, Yˆ ⊗ Yˆ and Yˆ ⊗ Zˆ are sufficient
for the estimation of three coordinates of the unknown
qubit, given that the y coordinate of the ancilla state is
initialized in a non-zero value y0a 6= 0. The analysis of
the Fisher information matrix in the weak measurement
limit also gives non-zero values for the three observables
(in addition to the measured Zˆ ⊗ Iˆ). This is shown as
the yellow bars for “0+XYZ” setting in Fig 5(c). For
convenience, we use the code “A+B” to represent a set
of Rabi controls, where A is a combination of X, Y, and
Z describing a Rabi axis of the first qubit with non-zero
components in Xˆ, Yˆ , and Zˆ (the same goes for B for the
second qubit’s rotation axis). If A = 0, it refers to no
Rabi oscillation on the first qubit.
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We numerically simulate the tomography process to
test the quality of the estimation using the proposed
0+XYZ setting. Similar to the previous single qubit ex-
ample, we compute a Bayesian estimated state from the
probabilities of the trial states given the measurement
signals (see Appendix B for the detail on the numeri-
cal simulation). To analyze the quality of the estima-
tion, we simulate 100 estimators (each estimator is com-
puted from N = 5000 measurement records) for each set
of the control parameters of interest and compute root
mean square errors (RMSEs) from the 100 estimators
compared with a given true state.
The results are shown in Fig 6(a), presenting the RM-
SEs for the estimation of the 16 two-qubit density ma-
trix components. Large values of RMSE mean that the
elements are poorly estimated, or simply that little infor-
mation about them was obtained from the measurement
records. The vanishing errors, on the other hand, rep-
resent absolute accuracy, which in this case happens to
the elements that are known to have zero values. For ex-
ample, choosing y0a = 1 (meaning that x
0
a = z
0
a = 0),
we know with certainty that the elements other than
Iˆ ⊗ Xˆ, Iˆ ⊗ Yˆ , Iˆ ⊗ Zˆ, Yˆ ⊗ Xˆ, Yˆ ⊗ Yˆ , and Yˆ ⊗ Zˆ of the
initial state have zero values. From Figure 6(a), for the
0+XYZ setting, the RMSEs tell us that the quality of
the estimation is significantly better when y0a = 1 than
when x0a = 1, and can be even better if g and Ω are in
the range of 1.0 − 1.5 in units of 2pi/T . In Fig. 6(b,c),
we show the errors for the 0+XYZ setting using y0a = 1
and the other two settings used in the full two-qubit to-
mography (discussed in the next section). This is to show
that the controls that give access to all 15 two-qubit com-
ponents can also be used to estimate the 3 components
of the remote unknown qubit with comparable precision.
We show average fidelities for various unknown states in
Fig. 6(d), where the ten randomly chosen unknown states
are listed in the Appendix C. The average fidelities stay
in the range of 0.99± 0.01 for N = 5000.
D. Two-qubit state tomography
As the third application, we consider a full two-qubit
tomography where all of the 15 observables of the coupled
two qubits can be accessed by only continuously measur-
ing the observable Zˆ ⊗ Iˆ and applying the fixed qubit
controls. From the commutator table in Fig 5(b), one can
convince oneself that a “XY+YZ” control, where ~na =
(1/
√
2)(Xˆ + Yˆ ) and ~nu = (1/
√
2)(Yˆ + Zˆ), and a more
overall “XYZ+XYZ” control, where ~na = (1/2)(Xˆ+ Yˆ +√
2Zˆ) and ~nu = (1/
√
2)(Xˆ + Yˆ +
√
2Zˆ), lead to access-
ing information of all 15 observables. The Fisher infor-
mation matrix analysis for the two settings are shown
in Figure 5(c). In this subsection, we use these sets of
controls to examine their performance in estimating full
unknown two-qubit states, including pure states, mixed
states, and non-separable states.
In contrast to the three dimensional real-number space
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FIG. 6. Root mean square errors for the remote qubit tomog-
raphy. (a) shows the errors of the estimated 16 remote-and-
ancilla-qubit coordinates for the control settings where the
Rabi oscillation is only applied on the remote qubit, with dif-
ferent values of g, Ωu = Ω, and the initial states of the ancilla
qubit (denoted by x0a, y
0
a). (b,c) shows the estimation errors
for successful control settings using the coupling strength g =
1.5 and the qubit oscillation frequency Ωa = Ωu = Ω = 1.5.
(b) shows the errors of all 16 elements, while (c) shows only
the errors of estimated remote-qubit coordinates. Note that
the vertical scale of (a) is an order of magnitude lower than
(b). The abbreviations 0+XYZ, XY+YZ, etc., denote the
controls and are defined in the text. Data points in (a,b,c) are
numerically simulated with the same unknown remote qubit
state ρu = (1/2)(Iˆ + 0.7Xˆ − 0.5Yˆ + 0.3Zˆ) using N = 5000
and the same measurement strength τ = T/5. We test the
remote-qubit state estimation with different initial states us-
ing the XY+YZ setting with g = Ω = 1.0 and show average
fidelities with their error bars in (d). The units of g and Ω
are 2pi/T .
of the Bloch sphere representing single-qubit states in the
previous two examples, the state space of the two-qubit
system, is a space of 15 real numbers with finite ranges.
This large state space makes the Bayesian estimation
a non-preferable method, as one needs to calculate the
posterior probability density from Eq (21) for each of
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FIG. 7. Root mean square errors for the full two-qubit state
tomography. (a) shows the estimation errors for the Y+Z con-
trol setting with different values of g and Ω. The initial state
is fixed at a product state between ρ1 = (1/2)(Iˆ − 0.4Xˆ −
0.75Yˆ +0.5Zˆ) and ρ2 = (1/2)(Iˆ+0.6Xˆ−0.5Yˆ +0.6Zˆ), where
τ = T/5, and N = 4000. The RMSEs are calculated from
50 sets of Maximum Likelihood estimators for each set of pa-
rameters. (b) shows the estimation errors for the XY+YZ
control, with the same initial unknown state and number of
sets as in (a). We use τ = T/5 except for last two sets of
data, where we use τ = T and τ = 4T . The inset shows small
improvement from increasing g and keeping Ω = 1.5× 2pi/T .
(c) shows the errors for the two successful settings, XY+YZ
and XYZ+XYZ, for 9 different initial states for each setting,
using g = Ω = 1.5× 2pi/T and τ = T/5. The average fidelity
of all 18 sets is 0.984± 0.003.
candidate states. To get a similar accuracy as in the
single-qubit case, we need much more than 108 trial two-
qubit states distributed uniformly with a specific mea-
sure (or with some prior distribution), only to compute
one Bayesian estimator (see more detail in Appendix B).
Therefore, to minimize the computation overhead, we in-
stead maximize the likelihood function Eq. (21) over the
valid state space using a search algorithm. The estima-
tor in this two-qubit tomography protocol is then the
maximum likelihood estimator defined in Eq. (8).
To guarantee valid physical quantum states of the
MLE, we need to specify a real-number space to be used
with a numerical search algorithm. For an expansion of
components of a two-qubit state given by,
ρ =
1
4
∑
i,j
cij σˆi ⊗ σˆj ,
where the indices are i, j = 0, 1, 2, 3, and the Pauli ma-
trices σˆj for j = 0, 1, 2, and 3, represent Iˆ, Xˆ, Yˆ , and
Zˆ, respectively. We then have c00 = 1 and the rest are
real numbers. Following the calculation shown in [41], if
we write the coefficients cij in a matrix form,
D =
 1 c01 c02 c03c10 c11 c12 c13c20 c21 c22 c23
c30 c31 c32 c33
 ≡ ( 1 −→v †−→u B
)
, (32)
where we have defined the vector −→v , −→u , and the matrix
B on the right hand side, the positivity condition for the
two-qubit state is given by three constraints,
0 ≤ 4− ‖D‖2, (33)
0 ≤ 2(−→u †B−→v − detB)− (‖D‖2 − 2), (34)
0 ≤ 8(−→u †B−→v − detB) + (‖D‖2 − 2)2 + 8−→u †B˜−→v
− 4(‖u‖2‖v‖2 + ‖−→u †B‖2 + ‖B−→v ‖2 + ‖B˜‖2), (35)
where B˜ is the cofactor matrix of B, and ‖A‖ = Tr[A†A]
using the Hilbert-Schmidt inner product. We note that,
for the numerical search, we use the Differential Evolu-
tion algorithm to find a state that maximizes Eq. (21),
with 50 initial random searches to reach a reasonable
convergence (more detail of the numerical method in Ap-
pendix B).
For comparison purpose, we first show numerical re-
sults for the two-qubit state tomography for a poorly cho-
sen set of controls using a control setting “Y+Z,” where
the Rabi oscillations of the first and second qubits are
around the y-axis and z-axis, respectively. The RMSEs
for this setting is shown in Fig 7(a) for different values
of control parameters g and Ω. Only three components
for Xˆ ⊗ Iˆ, Yˆ ⊗ Xˆ, and Yˆ ⊗ Yˆ that show significant im-
provement in the errors, which are reduced to less than
0.1 while increasing the parameters g and Ω to be around
∼ 1.0− 1.5, in units of 2pi/T . This agrees with a predic-
tion from the two-qubit commutator table in Fig. 5(b),
where one can deduce that the unitary dynamics allow
access to the information of components for only four
observables: Xˆ ⊗ Iˆ , Yˆ ⊗ Xˆ, Yˆ ⊗ Yˆ , and Zˆ ⊗ Iˆ.
To estimate all the 15 elements of the unknown two-
qubit state concurrently, we use the control settings:
XY+YZ or XYZ+XYZ, mentioned in the beginning of
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this section. Since the XY+YZ control is simpler to nu-
merically simulate than the latter, we choose this control
as our preferred setting; however, the results are simi-
lar for the XYZ+XYZ control. We show in Figure 7(b)
the estimation errors for different control parameter val-
ues. As the coupling strength and the oscillation fre-
quency grow, the estimation errors for all 15 elements
are significantly reduced to values less than 0.1, at around
g ∼ 1.0− 1.5 and Ω ∼ 1.0− 1.5 in units of 2pi/T . In the
plot, we also show the effect of the measurement strength
by changing τ keeping the controls fixed, as seen in the
last two data sets of the figure legend. As expected, weak-
ening the measurement strength simply lifts up the base-
line of the errors of all 15 elements, which can be inter-
preted that the relative information distributed among
them is approximately the same, and only the total in-
formation of all parameters changes.
From these numerical results in Figure 7(b), we find
that the quality of the estimation is well saturated at
around g ∼ Ω ∼ 1.0 − 1.5 in units of 2pi/T , similar
ranges to what we have found in the previous single-qubit
and remote-qubit cases. We then perform the numeri-
cal tests for different randomly-chosen unknown states,
containing product states and non-separable state mix-
tures (e.g., Werner states) with varied purities, using
g = Ω = 1.5 × 2pi/T for both XY+YZ and XYZ+XYZ
settings. As shown in Figure 7(c), the RMSEs for nine
different initial states per one setting are roughly the
same, varying in the small range of 0.02 to 0.1. We
also calculate the average fidelity for all these eighteen
cases giving a value of 0.984 with an error bar of 0.003.
We note that these results are from maximum likelihood
estimators using only N = 4000, and thus the fidelity
should be better if one have larger numbers of N used in
the estimation.
We note that both XY+YZ and XYZ+XYZ settings
can also be used for the remote qubit tomography, since
the information about the unknown qubit coordinates is
embedded in the components of all twelve observables:
Iˆ⊗Xˆ, Iˆ⊗ Yˆ , Iˆ⊗ Zˆ, ..., Zˆ⊗ Yˆ , Zˆ⊗ Zˆ, given that the initial
state of the ancilla qubit is known. We show the results
of numerical simulation in Figure 6(b). Both settings
perform equally well independent of the initial ancilla
states (x0a = 1, y
0
a = 1, or a mixture of non-zero x
0
a and
y0a).
IV. DISCUSSION AND CONCLUSION
We have analyzed our proposed method for quantum
state tomography using continuous weak measurement
where a system of qubits with an unknown state is mea-
sured with resource limitation. We consider in particular
a system of interacting qubits that can be measured only
through one of its observables, and the qubit controls
are simple Rabi oscillation applied locally on each qubit.
We find measurement and control settings, consisting of
values of the measurement strength, the oscillation axes,
the oscillation rates, and the coupling rates, that allows
access to the information of all unknown components of
qubit observables in one measurement run.
The proposed tomographic scheme is analyzed using
three proof-of-principle applications: (a) single qubit,
(b) remote qubit, and (c) full two qubit tomography,
with varying control settings and estimation methods
(Bayesian mean and maximum likelihood estimation).
The control settings are chosen based on the analysis
of the commutation relations as well as the Fisher in-
formation matrix of the estimated components. In the
single-qubit tomography, a continuous probe of the Zˆ ob-
servable and a Rabi oscillation with an axis of rotation
off-parallel from the measured z-axis are sufficient to ex-
tract information of the three qubit coordinates. For the
remote-qubit and the full two-qubit tomography, a con-
tinuous measurement of the Zˆ⊗ Iˆ observable is sufficient
to extract the qubits’ information if it is combined with
specific local qubit controls. The axes of local qubit con-
trols we found most efficient are: (a) the rotation axis of
the measured qubit is aligned diagonally in x − y plane
and the rotation axis of the unmeasured qubit is aligned
diagonally in y − z plane (denoted as XY+YZ setting),
and (b) the rotation axes of both qubits are off-parallel
from all x, y, z axes (denoted as XYZ+XYZ setting).
Once the axes of the oscillations are fixed, from our
analysis, we found that the rotation rates need to be at
least 1.0 × 2pi/T , in order to assure uniformly extracted
information of all qubits’ components. In other words,
the oscillation rates should be fast enough that a net ro-
tated angle (ignoring the measurement backaction) cov-
ers at least a full 2pi rotation during the total measure-
ment time T . The coupling rate of the two qubits is found
to be optimal at the same value as the local Rabi oscilla-
tion rate. Moreover, the measurement strength should be
strong enough that all information is collected from the
measurement, but not too strong that it results in solely
extracting the information of the measured observable
and less information about other observables. That is,
the total measurement time should to about one or two
times the characteristic measurement time τ .
As a summary, we have demonstrated that quantum
state tomography can be achieved using only limited
measurement and fixed control resources, if the control
settings are chosen wisely. The reason why this scheme
works can be explained as follows. The unitary dynam-
ics and the measurement backaction play the role of a
random sampler, effectively mapping the measured ob-
servable (in this case is the Zˆ observable of a qubit) to
a series of random observables that can sample the un-
known state in a variety of different bases continuously
in time. We stress the relative simplicity of this method,
which should be practical for implementation in the lab-
oratory. As an outlook for future work, it is natural to
investigate the optimality of the methods, and their state
estimation performance in comparison to other conven-
tional methods, such as the linear inversion, taking into
account the practical finite-strength quantum measure-
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ment. Moreover, the issue of optimality of these tomo-
graphic schemes also poses many interesting geometrical
questions whether they can achieve a uniform measure-
ment sampling of a quantum state.
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Appendix A: Analytic calculation for the Fisher
information matrix
In this section, we present a detailed calculation of the
Fisher information matrix Eq. (25) for estimating a two-
qubit unknown state in the limit of weak measurement.
As defined in the main text, the weak measurement op-
erator for a short time dt can be written as
M(rk) =
( dt
2piτ
) 14
exp
[
− (rk − Zˆ)
2dt
4τ
]
,
= e−
dt
4τ
√
f(rk) exp
(rkdt
2τ
Zˆ
)
,
(A1)
where Zˆ = Zˆ ⊗ Iˆ and
f(rk) =
√
dt
2piτ
exp
(
− r
2
k
2τ
dt
)
, (A2)
is a Gaussian distribution of rk with mean zero and vari-
ance τ /dt. The trajectory Kraus operator is
MR = M(rn)U(dt) · · ·M(r1)U(dt), (A3)
where we denote the total time of the measurement as
T = ndt.
When dt is very small, we can expand each M(rk) to
the first order of dt,
M(rk) ≈ e− dt4τ
√
f(rk)
(
Iˆ +
rkdt
2τ
Zˆ
)
, (A4)
where Iˆ = I ⊗ I. Note that we only need the first order
of dt in Eq. (A4), even though we want to keep higher
order terms in 1/τ in MR later. This is because higher
order terms in dt in (A4) will have measure zero when
we perform integrations over time (see the following equa-
tions). The time integration needs a limit taking dt→ 0
and n→∞ for any finite T . We substitute the measure-
ment operators and the unitary operators in Eq. (A3),
keeping only to first order in dt. We then replace any
time summations
∑
k dt with the integral
´
dt to obtain
the operator MR in a time-ordering integral form:
MR =e−
T
4τ
√∏
k
f(rtk)
[
U(T ) +
+∞∑
k=1
1
(2τ )kk!
T
ˆ T
0
· · ·
ˆ T
0
rt1 · · · rtkU(t− tk)ZˆU(tk − tk−1)
Zˆ · · ·U(t2 − t1)ZˆU(t1)dt1 · · · dtk
]
,
(A5)
where T is the time-ordering operator and rtk is a mea-
surement result at time tk. If we denote a time-dependent
operator
Zˆ(t) = U†(t)ZˆU(t), (A6)
then MR can be simplified to
MR =e−
T
4τ
√∏
k
f(rtk)U(T )
[
Iˆ +
+∞∑
k=1
1
(2τ )kk!
× T
ˆ T
0
· · ·
ˆ T
0
rt1 · · · rtkZˆ(tk) · · · Zˆ(t1)dt1 · · · dtk
]
,
(A7)
and we can write a POVM element corresponding toMR
as
ER =M†RMR. (A8)
In the weak measurement limit, we will keep the terms
up to the order 1/τ throughout the rest of this appendix.
For the POVM ER, we expand to first order in 1/τ and
get,
ER = e− T2τ
∏
k
f(rtk)
[
Iˆ +
1
τ
ˆ T
0
rtZˆ(t)dt
]
, (A9)
where rt is the measurement result at time t. Given an
initial state of the two qubits
ρ0 =
1
4
∑
i,j=0,x,y,z
cij σˆi ⊗ σˆj , (A10)
where σˆ0 = Iˆ and c00 = 1, the probability for the mea-
surement record R can be computed from the POVM
element,
P (R|ρ0) =Tr(ERρ0),
=e−
T
2τ
∏
k
f(rtk)
[
1 +
1
τ
ˆ T
0
rt〈Zˆ(t)〉0dt
]
,
(A11)
where 〈·〉0 denotes the expectation value with the initial
state ρ0. We calculate the derivative of P (R|ρ0) with
respect to the parameter cij giving,
∂ijP (R|ρ0) = e
− T2τ
4τ
∏
k
f(rtk)
ˆ T
0
rtαij(t)dt, (A12)
where we have defined,
αij(t) = Tr(Zˆ(t)σˆi ⊗ σˆj). (A13)
We then use the above equations to compute the
(ij, i′j′)-th element of Fisher information matrix for es-
timating a two-qubit unknown state,
Fij,i′j′ =
˙
∂ijP (R|ρ0)∂i′j′P (R|ρ0)
P (R|ρ0) drt1 · · · drtn .
(A14)
Keeping to first order in 1/τ , we have
1
P (R|ρ0) =
e
T
2τ∏
k f(rtk)
[
1− 1
τ
ˆ T
0
rt〈Zˆ(t)〉0dt
]
, (A15)
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and
∂ijP (R|ρ0)∂i′j′P (R|ρ0)
P (R|ρ0)
=
e−
T
2τ
16τ2
∏
k
f(rtk)
ˆ T
0
ˆ T
0
rt1rt2αij(t1)αi′j′(t2)dt1dt2.
(A16)
Substituting the above two equations to the Fisher infor-
mation matrix element Eq. (A14), we then perform the
integrals of r1, r2, ..., rn with f(rk) being a Gaussian dis-
tribution with zero mean and variance τ /dt. Using the
properties of integrals with Gaussian functions, we have
¨ ∏
k
f(rtk)rt1rt2drt1 · · · drtn = τ δ(t1 − t2). (A17)
By applying Eq. (A17) to (A16), we obtain
¨ ∏
k
f(rtk)rt1rt2αij(t1)αi′j′(t2)drt1 · · · drtn
= τ αij(t1)αi′j′(t2)δ(t1 − t2),
(A18)
and, the (ij, i′j′)-th element of Fisher information matrix
Fij,i′j′ =
e−
T
2τ
16τ
ˆ T
0
αij(t)αi′j′(t)dt, (A19)
where we have replaced t1 or t2 by t.
Appendix B: Methods for numerical simulation
Numerical simulation is used to investigate the state
estimation quality for different measurement and control
settings. There are two main parts in the numerical cal-
culation. The first part is to generate N measurement
records using an initial state ρ0 chosen at random, re-
gardless of its purity or levels of entanglement. Starting
with the given initial state, each record consists of mea-
surement results at all time steps r1, r2, ..., rn are ran-
domly generated with probability distributions P (rk|ρk)
for k = 1, 2, ..., n, where the quantum states ρk are cal-
culated for each time step with an update equation,
ρ(tk+1) =
U(dt)M(rk)ρ(tk)M(rk)
†U(dt)†
Tr[U(dt)M(rk)ρ(tk)M(rk)†U(dt)†]
, (B1)
where M(rk) is defined in Eq. (3) in the main text and
U(dt) = exp(−iHˆdt). We use the time step dt = 0.01
and the total measurement time is fixed at T = 2 for all
results presented in the main text. The second part of the
simulation is to use the generated N records in an estima-
tion of the initial state ρ0 assuming that it is unknown.
Using the N records denoted as R1, R2,..., RN , we con-
struct evolution operators MRj for j = 1, ..., N defined
in Eq. (2) and compute a function P ({R}|ρ′) Eq. (21) for
an arbitrary state ρ′. This is the likelihood function used
in estimating the unknown state.
For the single-qubit state tomography, we focus more
on the Bayesian estimator because of its robustness in
comparison to the maximum likelihood estimation. The
probability function P ({R}|ρ′) is then applied to 104 dif-
ferent trial states ρ′ which are equally distributed on the
Bloch sphere. We use a MATLAB code named “Random-
DensityMatrix” from QETLAB to generate single-qubit
random density matrices distributed uniformly according
to Hilbert-Schmidt measure [http://www.qetlab.com].
The reason we chose 104 trial states is so that an av-
erage distance between any two trial state is given as
∆ρ =
(
4
3
pi
10000
)1/3
= 0.074 ≤ 0.1. Once the probabil-
ity function is calculated for every trial state, we find a
Bayesian probability from,
P (ρ′|{R}) = P ({R}|ρ′)P (ρ′), (B2)
where, in the case of the uniform distribution, we simply
replace P (ρ′) by 1. This Bayesian probability is used to
calculate the Bayesian estimator Eq. (11) and the maxi-
mum likelihood estimator Eq. (8). The error of the esti-
mation is computed from the Bayesian covariance matrix
Eq. (16) using the true state ρ0. For the results in Fig-
ure 4(b) and (c), we generated 100 sets of the estimators,
from different sets of N records, so that the results are
more reliable.
For the remote-qubit state tomography, we use the sim-
ilar method as in the single qubit case. The trial states in
this case are 4×4 density matrices, which are tensor prod-
ucts of the ancilla initial state and the single-qubit trial
state ρ′ (same 104 set as in the single-qubit case). For
the results shown in Figure 6, we compute the root mean
square errors from 100 sets of the estimators, consider-
ing each element of the density matrix as an estimated
parameter. We could use the errors from the Bayesian
covariance matrix similar to the single qubit case, but
using this type of errors makes the transition to the two-
qubit tomography discussion easier to understand. The
results for single-qubit and remote-qubit cases are gener-
ated using Python and MATLAB codes.
For the two-qubit state tomography, we use a differ-
ent technique from the previous two examples because
the state space of the two qubits is much larger. As
stated in the main text, in order to use the Bayesian es-
timator for the two-qubit tomography, one needs much
more than 108 trial states. This number comes from a
number of product states of the single-qubit trial states
104 × 104. Instead of using the Bayesian estimator, we
then compute the maximum likelihood estimator from
maximizing the function P ({R}|ρ′) over all valid two-
qubit states ρ′, as discussed in the main text. We use
the built-in Differential Evolution algorithm in Mathe-
matica to search for the estimator, using the constraints
in Eq. (33) and 50 searches initialized with random num-
bers between −√3 and √3 (for each of the 15 elements,
see the first constraint in Eq. (33)). We compute 50 MLE
estimators, each with different sets of N = 4000 mea-
surement records, and calculate the RMSEs from the 50
estimators to get the results in Figure 7.
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Appendix C: Lists of random initial states of
two-qubit tomography simulation
For the single qubit case, the average fidelity for differ-
ent initial states in Figure 4(c) are computed from these
nine randomly chosen states: {x0, y0, z0} = {-0.4, -0.6,
0.3}, {-0.4, 0.6, -0.3}, {-0.4, 0.6, 0.3}, {0.4, 0.6, -0.3},
{-0.7, -0.5 , -0.3}, {-0.7, -0.5 ,0.3}, {0.7, -0.5, 0.3}, {-0.5,
0.3, 0.8}, {-0.5, -0.3, -0.8}, {0.5, 0.3, 0.8}.
For the remote qubit, the average fidelity for dif-
ferent initial states mentioned in the caption of Fig-
ure 6(d) are computed from these ten randomly cho-
sen states: {x0u, y0u, z0u} = {1/
√
2, 1/
√
2, 0}, {-0.6, -
0.4, 0.3}, {-0.7, -0.5, -0.3}, {0.0, -0.5, 0.3}, {0.3, -
0.3, 0.3}, {0.3, -0.7, 0.5}, {0.5, 0.3, 0.8}, {0.7, -0.5,
0.1}, {0.7, 0.0, 0.0}, {0.7, 0.0, 0.3}. The fidelities
for these initial states (each with 100 repetitions) are
0.98853, 0.998968, 0.998952, 0.999116, 0.999447, 0.99888,
0.993246, 0.999316, 0.999317, 0.999122, giving an aver-
age 0.998± 0.004.
In the two-qubit case, we presented in the main text
the average fidelities in Figure 7. The initial states
were chosen randomly including mixed states and non-
separable states. We define a function W (p, ρ1, ρ2),
W (p, ρ1, ρ2) = (1− p)ρ1 ⊗ ρ2 + p|Φ+〉〈Φ+|, (C1)
where |Φ+〉 = 1/√2(|00〉 + |11〉) is a Bell state written
in a computational basis 00, 01, 10, 11 of the two-qubit
state. The nine random initial states are,
• W (0.5, 12 (Iˆ + 0.7Xˆ − 0.2Yˆ + 0.3Zˆ), 12 (Iˆ + 0.6Xˆ −
0.1Yˆ + 0.4Zˆ))
• |Φ+〉〈Φ+|
• W (0.2, 12 (Iˆ − 0.4Xˆ − 0.75Yˆ + 0.5Zˆ), 12 (Iˆ + 0.6Xˆ −
0.5Yˆ + 0.6Zˆ))
• W (0.5, 12 (Iˆ + 0.2Xˆ − 0.75Yˆ + 0.5Zˆ), 12 (Iˆ + 0.6Xˆ −
0.5Yˆ + 0.4Zˆ))
• W (0.8, 12 (Iˆ + 0.2Xˆ − 0.75Yˆ + 0.5Zˆ), 12 (Iˆ + 0.6Xˆ −
0.5Yˆ + 0.4Zˆ))
• 12 (Iˆ+0.7Xˆ−0.2Yˆ +0.5Zˆ)⊗ 12 (Iˆ+0.6Xˆ−0.5Yˆ +0.4Zˆ)
• W (0.5, 12 (Iˆ + 0.7Xˆ − 0.2Yˆ + 0.5Zˆ), 12 (Iˆ + 0.6Xˆ −
0.5Yˆ + 0.4Zˆ)
• W (0.8, 12 (Iˆ + 0.7Xˆ − 0.2Yˆ + 0.5Zˆ), 12 (Iˆ + 0.6Xˆ −
0.5Yˆ + 0.4Zˆ)
• 12 (Iˆ+0.7Xˆ−0.2Yˆ +0.3Zˆ)⊗ 12 (Iˆ+0.6Xˆ−0.1Yˆ +0.4Zˆ)
